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IDEAL LATTICES OF LOCALLY
MATRICIAL ALGEBRAS

MirosrLav PLosCica

ABSTRACT. We give another proof of Ruzi¢ka’s result that every infinite alge-
braic distributive lattice whose compact elements form a lattice is 1Isomorphic to
the lattice of all two-sided ideals of some locally matricial algebra. Our construc-
tion is more elementary and explicit.

1. Introduction

This paper is a contribution to the following problem.

PROBLEM 1.1. Which lattices are isomorphic to the ideal lattices of locally
matricial algebras?

The motivation for this research is the theory of T'-invariants of strongly
uniform modules over a regular ring. Namely, if a lattice is isomorphic to the
ideal lattice of a locally matricial k-algebra S, then it is also isomorphic to the
submodule lattice of some right module over the matricial k-algebra S @, S°P.
(See [2] and [5] for more details.)

An equivalent formulation of (1.1) is to characterize (V, 0)-semilattices, which
are isomorphic to the semilattices of finitely generated ideals of locally matri-
cial algebras. It is well known that such semilattices must be distributive in the
sense of [4]. Conversely, G. M. Bergman in [1] proved that every countable
distributive (V,0)-semilattice has such a representation. However, for uncount-
able semilattices the distributivity is not sufficient and the problem (1.1) remains
open. (See [6].)

In [5] P. Ruzicka developed a method of representation of distributive
semilattices as semilattices of finitely generated ideals of locally matricial alge-
bras. Especially, he proved that every distributive lattice with 0 admits such a
representation.
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In this paper we give another proof of Ruzicka’s result. Our construction is
based on the same ideas, but it is more elementary and explicit. Especially, we
avoid the use of direct limits and several auxiliary categories. We hope that this
approach could be helpful for a further progress in the problem (1.1).

Now we recall some basic concepts. Let k be a field, p a nonnegative inte-
ger. Let M| (k) denote the k-algebra of all matrices p x p over k. A matricial
k-algebra is an k-algebra of the form

M

p(1)

(F) - X M,y (R)

for some natural numbers n,p(1),...,p(n). (See [3].) A k-algebra is locally ma-
tricial if it is a direct limit of matricial k-algebras. The ideal lattice of a k-algebra
R will be denoted by Id(R). It is well known that if R is locally matricial then
Id(R) is distributive. The finitely generated (or compact) ideals of R form a
V-subsemilattice Id°(R) of Id(R), which in the locally matricial case is also
distributive. (But in general, it is not a lattice.)

We refer to [4] as the basic reference for the lattice theory concepts. Especially,
we use some elementary results about prime ideals and filters (dual ideals) in
distributive lattices ([4], sections II.1 and IL.5).

For a partially ordered set (P,<) and z € P, X C P we denote
le={yeP:y<a}, | X={yeP:y<az forsome x € X}.

Sometimes we work simultaneously with several orders <_, <g,...on the same
underlying set. Then we use the denotations like |z, iﬁY, ete.

2. Technical tools

For any bounded distributive lattice L we denote by F(L) the family of all
finite 0, 1-sublattices of L. Further, let P(L) be the set of all (proper) prime
filters of L. Let S(L) denote the family of all finite subsets of L containing 0
and 1.

Let B; denote the set of all triples a = (P, , <_, ¢,), where

(1) P, e P(L);

(2) <, is a linear order on the set P,_;

(3) ¢, is a function S(L) — L such that ¢ (Z) € ZN P, for every Z €
S(L);

(4) for every x € P, such that P \ | « € P(L), there exists Z € S(L) with
valZ) € Ly
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Here |z denotes the set {y € L:y <, «}. For any o € B; and any
0, 1-sublattice X of L we denote

X, ={2eXnP:XNP\|,zePX)
and ¢ (Z) ¢ | x forevery Z € S(X)}.

So, (4) above can be reformulated as L, = (). For every a € B, and X €
F(L) we define the restriction afX = (P, X0 Sapx c,oa[X) as follows:

(5) Pa[X :XﬂPa\iaXa;

(6) e <, xyiff v,y € P x and v < y;

(7) Palx = P lS(X).
Notice that (5) implies

(8) v, (Z) € ZNP,x forevery Z € S(X).

LEMMA 2.1. Forevery o € B; and X € F(L), a[X belongs to B .
Proof. Denote v = o[X. If X =0 then P, = P, NX.If X #90

then there exists y = max_ X (the maximum with respect to the order <)
and P, =X P\ |, y. In both cases, P € P(X). Thus, (1) holds. Since the
restriction of a linear order is again a linear order, we have (2). For Z € S(X)
we have ¢_(Z) = ¢,(Z), so (3) follows from (8).

Finally, suppose that « € P, is such that Pv\ NS P(X). From z € P,
we obtain that « ¢ X and XNP\| e=P\| z. (If z€ X NP\ |, x, then
r <, z,s0 x¢] X, implies z ¢ | X  and hence z € Pv‘) Thus, c,ov(Z) =
o (Z) € |, x for some Z € S(X). We have already proved that c,ov(Z) €ZNP_,
SO c,ov(Z) €(Zn Pv) N,z C | z. Thus, (4) holds. O

Thus, we have defined the restrictions of elements of B; to the elements of
B . Further, we need the following technical tool. Let o, 8 € B, , X € F(L).
We say that o and § are X-equivalent (o ~ () iff the following conditions
are satisfied.

9) P, = Py and P,y = Py
(10) ¢, (Z) = ¢4(Z) for every Z € S(L)\ S(X);
(11) there exists an isomorphism of ordered sets t: (P, < ) — (Pﬁ, gﬁ) such
that t(z) = « for every v € P\ P, .

It is easy to see that ~ is indeed an equivalence relation on B, .

LEMMA 2.2. For every a € B;, X € F(L) and § € By with P; = Pixs
there exists unique o € B, such that
(i) o’[X =4;

(i) at ~y Q.
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Moreover, if 3 € B, is such that a ~ 3, then a® =39,

Proof. The ordered sets (P;, <) and (P, Sa[X) are finite chains of the
same cardinality, so there exists an order isomorphism

to: (P, <g) = (Fs, <o1x)-

Extend it to a map P, — P_ by putting ¢(y) = y for every y € P\ P;. Define
the order relation <_on P by = <_y iff t(x) <, t(y). Since t is a bijection,
<, is a linear order Further, we set ¢_ = ¢; U (¢, [(S(L)\ S(X))). We claim
that the triple o’ = (P, <_, ¢.) has the required properties.

Since <_, and <_ coincide on P_\ P, 1x . We obtain that

12 x = | _x for every © € P_ such that | =N P = () (especially, for
€ « « « alX
every = € X ).

Cram 1. o € B,.

Proof of Claim. (1) and (2) are clear. Let Z € S(L).If Z ¢ X then ¢_(Z) =
o (Z)€e ZNP, because a € B, . If Z C X then ¢_(Z) = ps(Z) € ZN Py =
ZNP,x €ZnP,. Thus, (3) holds. To prove (4), suppose now that = € P
and P\ | .z € P(L). We distinguish two cases.

(I) Suppose that |,z N P,x= 0. By (12) we have P\ |z € P(L). Since
a € B, there exists Z € S(L) with ¢ (Z) € |,z = |.o. If Z C X, then
o (Z) = c,oa[X(Z) € P,,x . which is impossible because | NP,y = (). Hence,
Z ¢ X and o, (Z)=¢,(Z) € Lz =2

(II) Let |z NP, x = e NP5 # (. Then also ¥V = [ a2 N P; # 0. In-
deed, if + ¢ P; and « >_ 2z € P;, then « >_ t7(z) € P;. Hence, there
exists v = max_Y (the maximum with respect to <_). Since <_ and <;
coincide on Py, we have Pj\ | x = P\ | v = P\ |sv. For every y € X, we
have y <_ . Since |,y = |.y, we obtain that y <_ z. Now we com-
pute P\ [0 = Pa[X\ le=(XnNP)O\| X N \|l.ze=(XnP)H)O\|. X \l.z =
(XNP)\|.x =XnNn(P,\l.z). By our assumption, P \ | .z € P(L), hence
P\ [;v € P(X). The condition (4) for 6 € B yields that there exists Z € S(X)
with ¢ _(Z) = ps(Z) € Lsv C | v C | _x. This completes the proof of Claim 1.

Cram 2. X ;=X

l.y) € P(X). Further, § € BX implies that, for Z € S(X), ¢_(Z) = ps(Z)
P;. Since | .yNX = i y N X is disjoint to P ix = D5, we have ¢_ Z) ¢ .y,
soyeX of -

Conversely, suppose that y € X . If y € P, ix then z <_ y for every
z € X, . (Indeed, z = t(2) <, t(y) € Pa[X.) Consequently, Pa[X\ l.y=Xn

Proof of Claim. Suppose first that y € X . Then |y = |, y, so X N (P,\
S

4
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(P\1l.y) € P(X). Since <_ and <; coincide on P, x = Ps, we have P\ sy =
Pa[X\ l.y € P(X). Further, for every Z € S(X) we have ¢p4(Z) = ¢_(Z) ¢
1.y O lsy, which contradicts the assumption 6 € B (property (4)). Thus, y €
P NX\ P, x,hence |,y =]_y,so0 XN(PN\ly)=Xn(P\l.y) € P(X). Let
Z € S(X). Wehave y <_ z for some z € X and therefore ¢ _(Z) ¢ | 22 | y.
This shows that y € X . The proof of Claim is complete.

The equality X, = X s implies that Py = P, = P_s X Since the order
<, restricted to P, equals <;, and p5 = ¢, [S{X), we have proved (i).

The statement (ii) is clear. We have already proved (9). Conditions (10) and
(11) follow directly from the definition of a°.

To prove the uniqueness, suppose that v € B, , a ~y v and v[X = 4. Then
P =P =P, and ¢ =¢;U ¢ [ (S(L)\ S(X)). It remains to show that the
orders <_ and <., are equal. Since af ~y @~y v, we have order isomorphisms
t: (P,,<,) — (P,,<_) and s: (Pa,gy) — (P, <,) such that t(z) = s(z) ==
for all @ € P \P; (as Py = Pos;x = P x). Then ts: (P, <) — (P, <)
is also an isomorphism. Let Py = {z,,..., 2z} with z, <, -+ <, x,. Since
vIX =0 we have x; <;--- <4 x,,. Since a®lX = § we have vy < < T,
Since ts maps the set P; isomorphically onto Py, we obtain that ts(z,) = z; for

every 1 = 1,...,m. Hence, ts is an identity and the orders <, and <_ coincide.
Thus, v = af.

Finally, if a ~ 8 then, by (ii), a ~y 3~y #° and, by (i), 8°]X = §. The
uniqueness property of o’ ensures that 3% = of. O

LEMMA 2.3. Let a,6 € B;, X,Y € F(L) with X CY. Then
(i) (@Y)IX =alX;
(i) o~y f ifand only if @ ~y 3 and oY ~ Y ;

Proof. For every x cXNP,y and y € Y, we have y <_ z, so
(13) XN (Pa[Y\ \La[Yx) =XnN (Pa[Y\ \Lax) =XnN (Pa\ \LaYa\ \Lax) =XnN
(Pa\\l/ax)
Coam. X .y =X, NP,y.

Proof of Claim. Let v € X . By (13) we have X N (P, \
any Z C X CY, (8) yields ¢ (Z) € P,y . Now, o (Z) =
implies ¢ _(Z) ¢ | =, which shows that v € X .

Conversely, let € X NP,y . By (13), X n (Pa[Y\ iary:li) €
every Z C X, ¢ (Z) ¢ |z, which clearly implies that c,oa[Y(Z) ¢
hence z € Xory and the Claim is proved.

Pal

By the above claim we have | = NP,y = () for every x € Xa\Pa[Y7 hence
(14) P(a[Y)[X =XnN Pa[Y\‘La[Y(Xa N Pa[Y) =XnN (Pa[Y\ ‘La[YXa) =
XN (Pa[y\iaXa) =XNnPN] Y N\, X,)-
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Since Y, C X, we obtain that P(a[Y) ix = Poix- Further, both (oY) X
and <ax are restrictions of <, so they must coincide. Similarly, Claly) X
and Pqx are restrictions of ¢, so they coincide too. This completes the proof

of (i).
To prove (ii) we need to show that (9), (10) and (11) are equivalent to the
following six conditions.

(9a) P, = Ps and Py = Py iy ;
(9

b) Papy = Papy and Py x = Prgpy) xs
) ¢ ( ) =¢4(Z) for every Z € S(L)\ S(Y);
) ¢ ( )= ©g) v(Z) for every Z € S(Y)\ S(X);
(11la) there is an order isomorphism ¢ : (P, ,<,) — (Pﬁ,gﬁ) such that
ti(x) = a for every € P\ P,y ;
(11b) there is an order isomorphism ¢, : (Pary,gary) — (Pﬂ ry,gmy) such
that t,(z) = a for every x € P, ;3\ P, 1yv)|x

Assume first that (9), (10) and (11) are satisfied. Thus, P, = P;. We claim
that ¥, =Y. Let y € Y. The condition (11) implies that |z = }ga for every
x € P\ P, x, especially |y =3y (since Y, C Pa\Pa[Y CP\ Pa[X). Hence,

N (Pﬁ\ iﬁy) =Y n(PN\!,y) € PY). Further,let Z CY.If Z ¢ X, then
by (10), c,oﬁ(Z) = (Z) ¢ |l y= bgy. If Z C X then c,oﬁ(Z) = c,omX(Z) €
Pyix=P,x C P\l,y= P\ bgy, so c,oﬁ(Z) ¢ }sy. Hence, y € Yj, so we
have Y C Y;. Because of the symmetry, YV, = Y. Consequently, P,y =

N(PNLY,)=YnN (Pﬂ\ iﬁYﬁ) = Pgy , which shows (9a).

In (i) we have proved that Poaivyiix = Parx» Pgyvyix = Pspx- so (9b) is
proved too.

Next, c,oa[?Y(Z) =, (Z), c,omy(Z) = c,oﬁ(Z), for every Z C Y, so (10a) and
(10b) are (together) obviously equivalent to (10).

Further, (11a) follows easily from (11), since Py 2 P, x - The isomorphism
t: (P,,<,) — (Pﬁ,gﬁ), which exists by (11), is identical on P\ Py C P\
P, x - Hence, it maps P - onto Py (= Pa[Y) and we can consider the
restriction [P, -, which shows (11Db).

Conversely, suppose that (9a)—(11b) are satisfied. Since Poaivyix = Pajxs
Pisvyx = Psxs (9a) and (9b) imply (9). Next, (10) obviously follows from
(10a) and (10b). Since ¢, maps P,y onto Pg -, the restriction

ty fPanﬂ (Pa[Y7§a[Y) — (Pﬂ[Y7§6[Y)

is also an isomorphism. However, (Pary,gary) is a finite chain, so the iso-

morphisms #; rPa[Y and t, must coincide. Hence, t,(z) = & for every z €
Pa[Y\ P, xso t; satisfies the requirements of (11). O
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LEMMA 2.4. Let X € F(L), X # L. Let P € P(X), Q € P(L) with P C Q.
Then there exists 6 € B, such that P; = (), Psix =P.

Proof. Put Py = (). Choose a linear order <; on P; in such a way
that o <; 1 <; y for every v € X NQ\ P and y € Q\ (X N Q\ P). Let
XNQ\P=A{zr,...,z,,} with 2, <;--- <5z, . (The case m =0 is possible.)
Choose y € L\ X arbitrarily and for any Z € S(Y) define

x, ifm>0and Z={0,1,y,2,},
vs(2) = { 1 .
otherwise.
We claim that § = (P;,<s,¢s) € B;. Clearly, (1), (2) and (3) are satisfied.
Let € P;. If « ¢ XN Q\P, then 1 <; x, hence (Ps\ls2) ¢ P(Y). If
r e XNQE\P, then z, € |52, so we have ¢4 (7) € |52 for Z = {0,1,y,2,}
and (4) holds too.

It remains to show that Py = P. It is clear that X5 C {2y,... 2, }. (If
€ P\{x,...,2, } then 1 ¢ X N(P;\ l52) ¢ P(X).) Thus,ift XNQ\ P =10,
then X5 =0 and P5y =N X =QNX =P Let XNQ\ P #0. We claim
that =z, € X;. Clearly, X N (P;\ l42,,) =X N (Q V(X NQ\ P)) =P ePX).
For every Z € S(X) we have ¢4(Z) =1 (as {0,1,y,z,} ¢ S(X)), hence
vs(Z) ¢ lsx,,. Thus, « € X;. Clearly, z,, = 1r1r16aXX57 hence Py = X N(F5)\

3. Construction

Let F be a field. For any set S let F¢ denote the set of all functions f: S x
S — F (i.e., possibly infinite matrices) with the property that for every ¢ € S
the sets {j € S: f(i,j) # 0} and {5 € S: f(j,7) # 0} are finite. We define
the F-algebra operations similarly as for usual matrices. For f,g € Fo, r € F,
we set (f +g)(,7) = f(i,5) +9(5,7), (rf)(,5) = v fli,5) and (fg)(z,7) =
> flisk)g(k,j). It is not difficult to check that the operations are well defined

kes
and F¢ is an F-algebra.

Let K be an infinite distributive lattice with 0. Let L be the lattice which
arises from K by adding a new greatest element 1. For every X € F(L) and
every 0,7 € By with P = P_ we defineamap f__: B, x B, — F by

1 if afX=08[X =7and a~
far(a,ﬁ):{ f 76[ Xﬁv

0  otherwise.

It is easy to see that f € Fp . Let A be the subalgebra of Fp = generated
by all f__ such that P_# {1}. We claim that A is locally matricial and the
lattice of its two-sided finitely generated ideals is isomorphic to K. The proof
will take the rest of this paper.
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LEMMA 3.1. X € (L), p,m,0,7 € By and P =P,, P, =P_.
(i) If 7 = o then flmfm_:fpr.
(ii) If ® # o then forfor = 0.

Proof. (i) By the definition, f,for(e8) = T fola,1)for(1,8). I
v L

alX # p or B]X # 7 or not(a ~ () then clearly fpafm_(oz,ﬁ) =0 =
fpr(oz,ﬁ). Suppose now that o[ X = p, B]X =7 and a ~ 3. Then fpr(oz,ﬁ) =
1. Further, fpa(oz,’y) = 1iff y[X = 0 and o ~y ~. By 2.2, this is true iff
v = «af. Similarly, f,_(v,8) = 1 iff v = 7. By 2.2 we have a” = 7, so
fpafm_(oz,ﬁ) = fpa(oz,oz”)f”(ﬁ",ﬁ) = 1. Thus, the functions f, f, and f,
coincide for every o, € B, .

(ii) Let @ # 0. Let «o,8 € B, . For every v € B; we have v[X # 7 or
~[X # o. Hence, fpﬁ(oz,’y)f”(’y,ﬁ) =0. O

LEMMA 3.2. Let X,Y € F(L), X CY, 0,7€ By, P, =P_. Then

(24

fa'T:Z{f»y5: (775)62/{}7
where U = {(7,5) €EBy xBy: vy X =0, 0|X =7, v~y 5}.
Proof. Let o, € B, . Suppose first that f,_(«o,3) = 1. We define 7 =
alY, p=p31Y. By 2.3 we have n|X =0, p[X =7, 7 ~y p and a ~ [.
Hence, (7, p) € U and fﬂp(a,ﬁ) = 1. For any (~,9) EU\{(F,,O)} we have v #

alY or 6 # Y, hence fw(oz,ﬁ) = 0. Thus, E{fw(oz,ﬁ): (7,0) € U} =1.
Conversely, suppose that fﬂp(a,ﬁ) = 1 for some (7, p) € U. We have a[X =
(alY)IX = n]X = o and similarly §[X = 7. Further, fﬂp(a,ﬁ) = 1 implies
a ~y (and (7, p) € U implies oY =7~ p = []Y. By 2.3 we have o ~ (3.
Thus, f, . (o, () =1. O

The above two lemmas lead to the following description of elements of A.

n
LEMMA 3.3. Every element of A can be expressed in the form ) g, Foisis
=1

where ¢, € F and all v, and 6, belong to the same B (for some X e F(L))
and P # {1}.

Proof. The set of all elements of this form contains all generators of A and
is a subalgebra of Fj . Indeed, let = = } ¢, fosr ¥y = Erjfaj _ Because of
3.2 we can assume that all ~,, d,, o;, 7; belong to the same By. (If v, € By,
0, € Byj , then choose X € F(L) with X, C X, Y, CX, for every ¢,j.) Then,
by 3.1, xyzz{qirjfwrj:(sizaj}. O

For X € F(L), 0 € By, the set P_ is a prime filter in the finite distributive
lattice X | hence it has a smallest element val(o). This element is join-irreducible
in X and will be called the value of o.
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LEMMA 3.4. If 0 € By, X CY, then val(c[X) > val(o).
Proof. The claim follows from P_ X cP.. O
For x € A let [¢] denote the two-sided ideal generated by .

LEMMA 3.5. If X € F(L), m,p,0,7 € By, P_ =P =P =P # {1}, then
[fap) = o]

Proof.
By 317 fﬂ-p:fﬂ'a'fa'rfrp' =

LEMMA 3.6. Suppose that X,Y € F(L), o,71 € By, m,p € By, P, = P_,
P =P, If1+#val(o) > val(r) then f_ €[f, ]

Proof. Suppose first that X C Y. The inequality val(c) > val(7) implies
that P, C P_. By 2.4 there exists 6 € By with Py = P_, Ps,x = P, . Denote

e=01X.By32, f_ :E{faﬁz (o, ) EU}, where
U:{(a,ﬁ)EBYxBY:oz[X:ﬁ[X:as,ozwxﬁ}.

Clearly, (6,6) € U. For any (a,3) € U\ {(5,5)} we have o £ § or 3 # 6,
SO foaﬁf&s = 0. By the distributivity and 3.1, fs5f.. fss = fss Fss Fss = Fss>
which shows that fs;5 € [f..], or equivalently, [fss] € [f..]. By 3.5 we have
(Fo)] = Uss) C L] = 1y ) %0 oy € o).

Now the general case. Let X, Y be arbitrary. Since L is infinite, it is possible
to choose Z € F(L) with Y C Z and X C Z. By 3.2, frp = E{faﬂ: (o, 0) €
V}, where V = {(oz,ﬁ) €B,xB,:alY ==, BlY =p,a~y [3} For every
(o, ) € V we have P, NY 2 P_, hence min P_ > min P_, so val(a) < val(r) <
val(o). By the first part of this proof, fap € [f,,] for every (o,3) € V. Then
also f_ €[f,.]- O

For every r € K, r > 0, let I denote the set of all + € A which can be,

n

for some n, expressed in the form =z = )’ ¢, fs.2,» where all f; = are some
=1

generators of A satisfying val(d,) = val(e;) <r. For r =0 we set I, = {0}.

LEMMA 3.7. Forevery r € K, I € Id°(A).

Proof. The case r = 0 is trivial, let » > 0. The set I  is certainly
closed under subtraction and constant multiplication. Suppose now that = =
Eqif&gi €l and y= Erjfajﬁj € A. Because of 3.2, we can assume that all

d..¢. a;,3; belong to the same By for some X € F(L). Then, by 3.1,

[
vy =) {;ri 55 =05},
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which is an element of I (and similarly for yx ). Thus, I, is a two-sided ideal.

It remains to prove that I is finitely generated. Let X = {0,r,1} € F(L)
and P = {r,1}. Then P is a prime filter in X and, by 2.4, there is o € B with
P = P. Clearly, val(a) =r, so f, €I, . Forevery z € I we have z € [f,,]
by 3.6. Thus, I = [f O

aa] .

LEMMA 3.8. I C I ifandonlyifr <s.

Proof. If »r <s then obviously I, C I . Let r £ s. There exist a prime
filter P € P(L) such that r € P, s ¢ P. Consider X ={0,r,1} € F(L). B
2.4, there exists o € By such that P, = P, P, = {r,1}. Denote o = oz[X
Then val(o) = r, so f € I . We clalm that fys ¢ 1,. For contradiction,

suppose that f = > ¢, fs... with &,,¢; € By, val(é;) < s for every 7. Then
=1

val(d,) ¢ P. Since Par_Yi C P, we have ¢; # oY}, hence f5 _ (a,a) = 0. On the
other hand, f__(o,«) =1, a contradiction. O

LEMMA 3.9. Let x = E 4 fs.c,» where é,,¢, € By for some fixed X and all

i, val(s,) # 1. Suppose that all q, are nonzero and all pairs (5,,¢,) are different.
Then [x] = i\:/1[f5i€i]

Proof. Cleatly, [¢] CV/[f;,.,]. Conversely, for every j we have f; ; of. _
= Zé G f5;6,Fseifcse; = 45,0, 50 fo,e; € [2], hence [fs ] C [a]. O

LEMMA 3.10. Id°(A) is isomorphic to K .

Proof. After 3.8 it suffices to show that every element of Id°(A) is of
the form I for some r € K. Let J be a two-sided ideal of A generated by
some elements x!,..., 2™ . Because of 3.2 and 3.9 we can assume that there

is Y € F(L) such that z* = fs,e, for some 6,,e; € By, val(d;) # 1. Let

r=\/ val(d,). Clearly, r € K. If » = 0 then clearly J = {0} = I,. Let » > 0.

=1
Clearly, «* € I forevery i,s0 J C I . Conversely, by 2.4, thereis ¢ € B with
val(o) =r and X = {0,r,1} C Y. By 3.2 we have f__ = E{faﬂ: (o, 8) € U},
where

U:{(a,ﬁ) € B, xBY:a[X:ﬁ[X:U,QNXﬁ}.

For every («,) € U we have val(a) < val(o) = r = \/val(d,). Since val(a)
is join-irreducible in Y, we obtain that val(a) < val(d,) for some i. By 3.5,
fap € [fs,..] € J. Consequently, f,, € J. Since f _  generates I, we obtain

oo

that 1. C J. O
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LEMMA 3.11. Let X € F(L). If §,e € By and val(d) = val(e) # 1 then
f§€ 7£ 0.

Proof. There exists P € P(L) with PNX = Py. By 2.4, thereis o € B,
with P = P, P, x = Ps. Let B =a% ~ =a°. By 2.2 we have 3 ~y Y,
BI1X =46, v[X =¢, hence f;_(5,v)=1. O

LEMMA 3.12. A is locally matricial.

Proof. Forevery X € F(L) let Ay be the set of all x € A of the form

T = Z{qi]‘faﬂsj 10,0, € By, Ps = P; # {1}}

for some q;; € F. By 3.1, Ay is a subalgebra of A. Clearly, 3.2 implies that
Ay C Ay whenever X <Y. Thus, A is a directed union of its subalgebras A4,
X eF(L).

For every V-irreducible r € X let B = {[3 € By: val(f) = r} Thus, By
is a disjoint union of the sets B . Let R be the direct product of all Fy . We
can view R as the set of all functlons h: By x By — F such that h(5, ’y) =0
whenever 3 and v belong to different B, . Slnce X is finite, R is a matricial
F-algebra. We claim that R is isomorphicto A, . We defineamap G: R —+ A
naturally by

=S {h(B, ) fs,: B € By, val(§) = val(y) £ 1} .

It is clear that G is surjective and preserves the addition and the constant
multiplication. By 3.1, it also preserves the multiplication. For the injectivity
of G we need to show that its kernel is trivial. Let Z:h(ﬁ,’y)fﬁ7 = 0. Let
d,e € By . Multiplying by f,s from the left and by f__ from the right we obtain
that 0 = h(d,¢)f,.. By 3.1, h(d,e) = 0. The proof is complete. O

Now we have completed the proof of our main result.

THEOREM 3.13. Every infinite distributive lattice with 0 is isomorphic to
Id°(A) for some locally matricial algebra A. (Consequently, every infinite alge-
braic distributive lattice whose compact elements form a lattice is isomorphic to

Id(A).)

Our construction does not work for finite lattices. (The infiniteness was
needed in 3.6.) However, the theorem remains true in the finite case. In fact,
G. M. Bergman proved ([1]) that every countable, distributive semilattice is
representable as Id“(A) for some locally matricial algebra A. (See also [5].) This
result cannot be extended to the uncountable case. A counterexample of size R,
has been constructed by F. Wehrung in [7].
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