Dual spaces of some congruence lattices
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Abstract

For any set X and any n > 3 we define a topological space L, (X)
and characterize its closed subspaces if |X| < N;. As an application
we obtain a characterization of congruence lattices of algebras in some
varieties of lattices. The spaces L,(X) are close to Boolean spaces,
but they are not Hausdorff.
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1 Introduction

The motivation for this paper comes from universal algebra. The general
problem is as follows: Characterize congruence lattices of algebras belonging
to a variety (equational class) V. There are rather few relevant classes V' for
which we have a satisfactory answer.

It seems that in many cases topological tools are convenient for such a
description. If Con(A) (the congruence lattice of an algebra A) is distributive
then Con(A) is isomorphic to the lattice O(T") of all open subsets of some
topological space T'. (See [2],[1] or [6].) Thus, if the class V is a congruence
distributive variety, the following strategy was proposed in [6]:

1. For every set X describe a topological space T'(X') such that O(T'(X)) =
Con(F (X)), where F(X) denotes the free algebra in V' with X as the set of
free generators.

2. Describe closed subspaces of the spaces T'(X).

The general result is that lattices Con(A) (for A € V') are precisely the
lattices O(Y) (for closed subspaces Y of some T'(X)). Let us remark that
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if we have a good knowledge of subdirectly irreducible algebras in V' then
the explicit definition of the spaces T'(X) is not a problem. Hence, the orig-
inal algebraic problem is transferred to the topological problem of abstract
characterization of closed subspaces of T'(X).

As an example, consider the class B of Boolean algebras. Then the pro-
posed topological representation is in fact the well-known Stone duality and
T(X)is {0,1}* (the power space of the 2-element discrete space). The closed
subspaces of {0, 1} are precisely all Boolean (compact Hausdorff zerodimen-
sional) spaces. Hence, a lattice L is isomorphic to Con(A) for some Boolean
algebra A if and only if L = O(Y") for some Boolean space Y.

In this paper we consider the case not far from Boolean algebras, which
is however much more complicated. For n > 3 let M% denote the equational
class generated by the (n + 2)-clement bounded lattice M,, depicted below.
(That is, we consider the constants 0, 1 as nullary operations.)
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The spaces T'(X) corresponding to varieties M2 were constructed in [6].
In this paper we denote them L, (X). (For the definition see the next section
and the remark in section 4.) Our main result is a characterization of closed
subspaces of L, (X) for | X| < N;. It turns out that this characterization does
not depend on n, which in particular means that any L,,(X) is homeomorphic
to a closed subspace of L3(X). In the last section we discuss the algebraic
consequences of these results.
We use the topological terminology from [4] and [3]. In some places we
find it convenient to work with nets, cluster points and limit points. The
closure of a set A is denoted by cl(A). Our compact spaces need not be

Hausdorff. Consequently, compact sets need not be closed. The following
assertion is a simple exercise.




Lemma 1.1 Let C' be a compact subset of a topological space T and W C C.
Let w € cl(W) \ C. Then there is u € C such that for every open sets
A,BC C,ue Aandw € B implies AN BNW # (). Moreover, there is a
net N in W such that N converges to both u and w.

Our reference books for the lattice theory and universal algebra are [2]
and [5]. If f is a function then dom(f) and rng(f) stand for its domain and
range, respectively. If Y C dom(f) then f [ Y means the restriction of f to
Y.

2 The spaces L,(X) and L,(X)

Let us consider the set M,, = {0, 1,a4,...,a,} as a discrete topological space.
For any set X the usual power MY is a compact Hausdorff zerodimensional
space.

Let II,, be the set of all permutations © on M, such that 7(0) = 0,
(1) = 1. Let Ry be the set of all functions r : Xy — {0, 1} such that X is
a finite subset of X. Let R, be the set of all functions r : Xy, — M,, such
that rng(r) contains at least three of a; (i =1,...,n). For r € Ry we define

K. ={feMy| r(0)
1

For r € R,, we set
K,={feMX|r=xnf] X, for some 7 € I1,}.

It is clear that every K, is a clopen (and hence compact) subset of MX. The
following assertion is obvious.

Lemma 2.1 Ifr,s € Ry UR,, r C s, then K, C K,. If f € K, and
g [ dom(r) = nf [ dom(r) for some m € II,, then g € K,.

Now we define the space L,(X). The points of L,(X) are all maps f :
X — M, such that f(X) C {0,1} or |rng(f) N {ai,...,a,}| > 3. For every
r € Ry U R, we denote G, = K, N L,(X). Let us endow L, (X) with the
topology whose base of open set is G = {G,. | » € Ry U R,,}. The correctness
of this definition is assured by the following assertion.
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Lemma 2.2 For any G,,G, € G, the set G, N G is a union of some sets
from G. Hence, G is indeed a base of some topology on L, (X).

Proof Let f e G,NG, Suppose first that rmg(f) € {0,1}. This is
only possible if ;s € Ry, r = f | dom(r), s = f | dom(s). Choose a finite
set Xo € X with Xy O dom(r) U dom(s) and let t = f | X,. Clearly,
feG CG, NG,

Now let rng(f) Z {0,1}. Choose a finite set Xy C X such that X, D
dom(r) Udom(s) and f(Xo) = rng(f). Let t = f [ Xo. Then ¢t € R,, and
f € Gy. For every g € Gy there is m € 11, with g [ Xo = 7 f | X, which by
2.1 implies that g € G, N G,.

Lemma 2.3 The space L,(X) is compact. Every G, € G is compact. If
r € R,, then G, is clopen.

P r o of. Suppose that the set G, € G is covered by sets G,, € G, i € 1. We
claim that the set K, is covered by the sets K,,. Let f € K,. If f € L,(X)
then clearly f € G,, C K,, for some i € I. Let f € K, \ L,(X). Then
necessarily r € Ry and rng(f) C {0,1,a;,a;} for some a;,a; € M,. Let
us define g : X — {0,1} by g(z) = 0 if f(z) € {0,a;} and g(z) = 1 if
f(z) € {1,a;}. Then f € K, implies g € K, and hence g € G,. By our
assumption, there exists ¢ € I with g € G,,, which implies f € K,,. Hence,
the set K, is covered by K,,. Since K, is compact, there is a finite set Iy C I
with K, C |J{K,, | i € Iv}. Then G, = K, N L,(X) C | U{G,, | i € v},
which shows that G, is compact.

The compactness of the whole L, (X) can be shown by exactly the same
argument. For the last part of our assertion, let r € R,,, Xy = dom(r) and
let f € L,(X)\ G,. We wish to find G; € G with f € G, and G, NG, = ().
Choose a finite set X; € X with X; D X, and f(X;) = f(X) and set
s=f | Xi. Then clearly s € RyUR,, and f € G,. Let h € G,. If s € Ry,
then h(Xy) C h(X;) C {0,1, a;,a;} for some a;, a; € M,. Since r € R, such
h cannot belong to G,. If s € R, then 7h | X; = s = f | X; for some
m € II,,. Then also 7h [ Xo = f | Xo. Since f ¢ G,., we have 7h ¢ G, and
hence h ¢ G,. I

Lemma 2.4 {G, € G | r € Ry, |dom(r)| < 2} is a subbase for the space
L,(X).



Proof. Let G, € G, dom(r) = Xy. Let S be the collection of all s € Ry with
dom(s) C Xy, |[dom(s)| < 2 and G, C Gs. Then clearly G, C ({Gs | s € S}.
We prove the other inclusion. Let f € L,(X) \ G,. We distinguish several

cases. In every case we find s € S with f ¢ G,.
1. Let r(x), f(z) € {0,1} and r(z) # f(x) for some = € Xy We set
[ {z}.

2. Let r(z) = r(y) € {0,1}, f(z) = a;, f(y) = a;j, ¢ # j for some
x,y € Xo. Weset s=r|{z,y}.

3. Let r(x) =0, r(y) =1, f(z) = f(y) = a; for some x,y € X,. We set
s=r| {ZE,y}

The above three cases cover the case r € Ry. Now we handle the case
re R,

4. Let r € R, and r(z) = 0, f(z) = a; for some z € X;. (The case
r(z) = 1is similar.) Choose y € X, such that r(y) € {ai,...,a,}. We define
s: {x,y} — {0,1} as follows. If f(y) = f(x) or f(y) =0, then s(z) = 0 and
s(y) = 1 It f(y) ¢ {f(x),0} then s(z) = s(y) = 0.

5. Let r € Ry, r(x) = a;, f(x) € {0,1} for some = € X;. We define
s: {x} — {0,1} such that s(z) # f(x).

6. Let r(z) =r(y) = a;, f(z) = am

s(y
Am

define s: {z,y} — {0,1} by s(x)
define s: {z,y} — {0,1} by s(x) =0,

{0,
# a; = f(y) for some z,y € X,. We
):

7. Let f(z) = f(y) = a;, r(2) ( ) for some z,y € X,. We

£ q
s(y

\_/@

The space L,(X) is not Tg. For f,g € L,(X) we write f ~ g if f = mg
for some permutation 7 € II,. If f ~ ¢ then the points f,g € L,(X)
are topologically indistinguishable. (If an open set contains one of them, it
contains both.) It is therefore reasonable to consider the space L, (X) whose
points are ~-equivalence classes (with f denoting the class containing f) and

the base of open sets is G = {G | G € G}, where G = {f | f € G}.

Lemma 2.5 Let f,g € L,(X), f # g, mg(f) < {0,1}. Then thereisr € R,
with f € G,, g ¢ G,.

P r o o f. Since II, is finite, there is a finite set Y C X such that f [ Y #
wg ['Y for every w € II,,. Choose a finite set Xq C X such that Y C X, and
rmg(f) C f(Xo) and set r:= f [ Xo. B

Because of the application to congruence lattices, we would like to have
an abstract characterization of closed subspaces of L, (X). The space L, (X)
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is a disjoint union of two sets Hy = {f | f € {0,1}*}, H, = L,(X) \ Ho.
Similarly, every Z C L,(X) is composed of two subspaces Zy = Z N Hy and
Z,=ZNH,.

It is easy to see that Hy is homeomorphic to {0,1}* with the usual
product topology. (We consider {0,1} as a discrete space.) Hence, it is
compact, Hausdorff, zerodimensional.

Lemma 2.6 H, is zerodimensional.

P roof. It suffices to prove that H,NG, is closed in H,, for every r € RyUR,,.
Let f € H,\G,. By 2.5, for every g € G, there is a clopen set C, with f € C,,
g ¢ C,. The sets L,(X) \ C, cover the compact set G,. Hence, there are
91,9k € G, with G, C L,(X)\ (C,;, N...NC,,). For the open set
C=0C,N...C, wehave f€C,CNG,=0.1

Lemma 2.7 Let Z = Zy U Z,, be a closed subspace of L, (X).
(i) Z is compact and has a base of compact open sets.

(ii) Zy is a closed subspace of Z.

(iii) Zy and Z, are Hausdorff, zerodimensional.

(iv) If f € Z,, g € Z\{f} then there exists a clopen set G with f € G C Z,,,
g¢G.

(v) If f,g,h € Z are mutually different, then there exist open sets A, B, C
such that f € A,ge B,he Cand ANBNC = 0.

P roof. It is easy to see that the properties (i)—(v) are preserved by closed
subspaces. Thus, it suffices to prove them for Z = L,,(X). In this case, (i)
follows from 2.3 and (ii) and (iv) from 2.5. (Notice that G,NZ, = () whenever
r € R,.) Further, Z, is zerodimensional by 2.6 and Hausdorff by 2.5. For
Zp, (iii) was discussed before 2.6. Finally, the proof of (v) is identical with
the proof of 5.5 in [6].

The compactness of Z and (iv) have the following consequence.

Lemma 2.8 Suppose that_f € Z,, W C Z is closed and f ¢ W. Then there
exists a clopen set G with f € G C Z,, GNW = (.
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If X is infinite, then L,,(X) is not Hausdorff. In fact, no two points of H,
can be separated. However, (v) says that every three points can be separated.
It implies that if a net N converges to two distinct limit points, then N has
no other cluster points.

As a simple example of a space Z satisfying (i)—(v) of 2.7 one may consider
a discrete sequence converging to two different limit points.

3 The embedding theorem

Throughout this section we assume that a space Z = ZyU Z,, satisfies (i)—(v)
of 2.7. We wish to construct an embedding Z — L, (X) for some X.

Lemma 3.1 For every S C Z, which is clopen in Zy and every W C Z with
c(W)nS = 0 there is a compact open set C C Z with C N Zy = S and
cCnw =40.

P r oo f Since S is open in Zj, there is an open set C’ with C'"'NZy =S
and C"' Necl(W) = 0. By (i), C' = U{Ca | @ € I}, where all C,, are compact
open. Since S is closed, it is compact and hence S C C,, U...UC,,, for some
a1, ..., 0y, € 1. The set C' = C,, U...UC,,, has the required properties. il

Lemma 3.2 For every compact open set A C Z, the set AN Z, is closed in
L.

P r oo f. The same as the proof of 2.6, using (iv) instead of 2.5. W
Lemma 3.3 If C' is compact open and ZoNC = () or Zy C C then C is
clopen.

Proof The case ZoNC = () is an easy consequence of (iv). Let Z, C C.

By 3.2, Z\ C'is open in Z,. Since Z, is open in Z, the set Z \ C'is open in
Z and hence C'is closed. B

Lemma 3.4 Let A C Z be clopen and B C Z open compact. Then AN B
is open compact. Moreover, if A C Z, then AN B is clopen.



P roof. Since A is closed and B compact, AN B is obviously compact. By
3.2 we have cl(B) C BU Z,. If A C Z, then cl(AN B) C cl(A)Ncl(B) C
AN(BUZ;)=AnB. 1

Lemma 3.5 Let By, By, B3, B, be disjoint subsets of Zy such that B;U By U
Bs U By = Zy. Let Cia, C43,Cly, Coz, Coy, C34 be compact open subsets of Z
such that C;; N Zy = B; U B;. Then the set W = CiaN ... N Csy Is closed.

P roof. It is easy to check that W N Zy, = (). Suppose that W is not closed
and w € cl(W)\ W. By 3.2, W is closed in Z,, hence w € Z,. Without
loss of generality, w € B;. Then w € cl(W) \ Cy3. By 1.1 there is v € Cy;
and a net N in W converging to both v and w. From (v) it follows that
N has no other cluster point in Z than v and w. Now, either v € By or
v € Bsz. Consequently, either C34 or Cyy contains no cluster point of N,
which contradicts the compactness. |l

We wish to construct a set X and an embedding Z — L, (X). It turns out
that we are able to do it if the Boolean space Z, contains at most N; clopen
sets. (Equivalently, Z, is homeomorphic to a closed subspace of {0,1}%.)
Thus, in the sequel we assume that B = {B* | a € I'} with |I| < ¥, is the
family of all clopen subsets of Zj.

By 3.1, there are compact open sets C§,C{ such that C§ N Z, = B<,
CNZy = Zy\ B* By 3.3 the set Z \ (C§ UCY) is compact clopen, so we
can assume that C§ U CT = Z. We denote D* = C§ N CY. Hence D C Z,,.
In general, D* # ().

The next lemma contains the core of our construction. It claims the
existence of some sets Ey, gy, F{a, indexed by two-element subsets of I.
(For simplification, we write Eng, Fug.)

Lemma 3.6 There are families of compact open sets {E.3 | a, 5 € I, a #
B}, {Fup | o, B € I, o # (B} such that the following conditions are satisfied
for every distinct o, 3,7y € I:

(1) EapNZo = ((CENCY)U(CENCY)) N Zo;
(2) FapN Zo = ((C§NCY)U(CENCY)) N Zy;
(3) EosN FosnN DN DB = ();



(4) E.pUF,5=Z7;

(5) EagNEg, N D*ND°NDY C E,,;

(6) FopNEp,ND*ND°N DY CE,,.

P r o o f. Notice that (3),(4) and (5) imply
(7) EapNFz,NnD*ND°NDYCE,,.

We proceed by induction. Suppose that [ is well ordered of the type at
most N;. Let § € I and suppose that we have constructed E,g, F,s for
every «, 3 < § and (1)-(7) are satisfied whenever «, 3,7 < 0. The set {a €
I | a < 0} is countable and can be arranged as a sequence {ag, aq,...}. We
will define E,.5, F,,s by induction on 7. Suppose that k € w and we have
defined E, s, Fa,s for all i < k. Thus, our induction hypothesis is that (1)-
(7) are true whenever «, 3,7 < § or max{a, 5,7} = d and {«, 3,7} \ {6} C
{Oé(), A, ... ,Oék_l}.

For every ¢ < k denote
Wi = ((EOti5 N Eaiak) U (Fai5 n Faiak)) N D% N D™ N D6>
Vi = ((FEais N Fuyo) U (Fas N Ege,)) N DY N D% N DY,
Further, let B; = ((C3NC) U (CE*NC)) N Zy, By = (C5NCF) U (CT+ N
C)) N Zy.

Claim V;NW; = cl(V;) N By = cl(W;) N By = 0 for every i,j < k.

Proof of the claim. Denote D = D% N D% N D% N D% The equality
V; N W, = 0 requires to show the following:

(1) (Baya, N Fais) N (Eaja, N Eqy5) N D = 0;

(ii) (Fajap N Eays) N (Eajap N Eays) N D = 0;
(iii) (Faap N Foys) N (Faja, N Foys) N D = 0;
(iv) (Fajar N Eas) N (Fojay, N Fays) N D = 0.

This is clear if ¢ = j because (3) in our induction hypothesis implies E,,5 N
Fos N D = Egy0, N Fua, N D = 0. Suppose that i # j. By (3), (5) and (7)
in our induction hypothesis we have (Eq,s N Fu,5) N (Eajay, N Eaja,) N D C
Fypia; N Eqo; N'D =0, hence (i) holds. The argument for (ii), (iii) and (iv)
is analogous.



Next we prove that cl(W;) N By = 0. (The proof of cl(V;) N By = 0 is
similar.) Let z € By. We have either z € Cf" or z € C7", so we distinguish
four cases.

a) Let z € Cy" N CS N C™ . By (1) and (2), z belongs to the open
set Fo,5 N Fu,a,. Since B, is disjoint from F,,s N DY N D% and Fya,
is disjoint from E,,,, N D% N D%, the set E,,s N Fl,qa, is disjoint from
(Eaay, N D% N D) U (F,,s N D% N D% 2 W,;, hence z ¢ cl(W;).

b) Let z € C§' N C5* N CY. Similarly as above z belongs to Eu,a, N Fa,s
and this open set is disjoint from (Fy,q, U Ea,5) N D% N D% N D° O W;, hence
z & cl(W5).

c)If 2 € CYNCHFNCY then 2 € EqsN Fyo, and Eg 5N Fyo, NW; = 0,
hence z ¢ cl(W;).

) Ifz € CPNCHNCY then z € Fo 5N Eyq, and Fo.s N Ego, "W, =0,
hence z ¢ cl(W;). This completes the proof of the claim.

Now we continue the proof of 3.6. Let W = WyuU...UW;_1, V =
VoU...UVi_1. As a consequence of the claim we obtain that V NW =
(V)N By = cl(W)N By = . By 3.1 there are compact open sets £, 5, I, 5
such that E&k(; N ZO = BQ, Folcké N Z() = Bl, E&k(; nv = @, Folék(; NW = @ By
3.2, for every i < k the sets W; N Z,, and V; N Z,, are closed in Z,. Hence,
(W) CWUZy, cl(V) CVUZ. Since Zy = By U By and cl(W)N By =
(V)N By = 0, we have c(W) CWUBy, CWUE, 5, cl(V) CVUB;, C
VU F], 5. The sets cl(V), cl(W), E], ; and F], ; are compact, thus the sets
E”(;—CI(W)UE, =WUE] 5and F/,(;—CI(V>UF, =V UF]; are
compact. Since V' and W are open, E 5 and F] ; are open sets. By 3.3 and
3.5, the sets P = Z \ (B s U F] ;) and Q = E” s NE! 5N D% N D% are
clopen. (In using 3.5, let the sets Zo N C/* N CS, l m € {O 1}, play the role
of By,...,By.) Weset E, s = Bl s Fous = (F” s \ Q) U P. Clearly, E, s
and F,, s are compact open sets. We need to show that (1)-(6) remain valid.

We have E|, ;N Zy = By, F, 50 Zy = By. Since W; N Z, C D'NZy=10
for every i < k, we have W N Zy; = () and similarly V N Z, = (. Hence,
Bl s0Zy= By, F} s Zy = By. Since PN Zy = QN Zy = (), we also have
Eak(; NZy = By and F,, s N Zy = By, hence (1) and (2) hold.

Further, E,, s NP =0, hence Eq, 5N Fo 5 N D N D° = EY 5N (FY 5\
Q)NDND° = (E. sNF! ;AD*ND°)\Q =Q\Q =10, which shows (3)

Next, for every z € Z we have either 2 € P C F,,5 or 2 € E} ; = Eq,5
or z € Fy s\ E] s C F} 5\ Q C F,,s. Hence, (4) is valid.

To prove (5) and (6) we have to show the following inclusions for every
1< k:
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(5a) Eua, NEnsND C E,s;
(5b) Ega, NEysND CE,,;;
(5¢) Eu,s NEWsND C Eya,;
(6a) Fpa, NEasNDCE,,s;
(6b) F,.0, NF,sNDCE,;;

(GC) Faié N Fakci NnD Q Ea

10

where D = D% N D* N D°. Obviously, W; C E/ 5 = E,,s, hence (5a) and
(6a) hold. Further, V; C F 5. Since V;NW = and V; N E, 5 = ), we have
Vin B, s =0, which implies V; N Q = (), hence V; C F} s\ Q C F,,5. Thus,

apd

(7a) Eaiak N Fas N D C Fak(g;
(7b) Faiak N Eqys N D C Fach-

Because of (3) we have E,,s N F,,s N D =, so (7a) implies Ey,q, N Fas N
Eak(; ND = 0. By (4), Fos UE.; = Z, hence Eaiak N Each NnND C E..s,
which is (5b). Similarly, (7b) implies Fl,.o, N Eu,s N D N E,, s = (), hence
E..s N EysN D C E,,,,, which is (5¢). By the same argument, (6a) implies
that Fi,a, N Fa,s N Faps N D = 0, which yields (6b) and (6¢). The proof is
complete. il

Thus, we have families {E.s5 | o, € I, a # B}, {Fop | , B € I, a # (B}
with (1)-(6). For every z € Z let D(z) ={a €I | z € D*}. For «, 5 € D(z2)
we set a ~, Bif z € E,g or a = . Now (5) ensures that ~, is an equivalence
relation and (6) means that this equivalence has at most two equivalence
classes. Now we shall extend the index set [ so that (1)-(6) remain valid and
for every z € Z the equivalence ~, has either 0 or 2 equivalence classes. (Of
course, 0 equivalence classes means that D(z) = 0).)

Suppose that z € Z is such that ~, has exactly 1 equivalence class. Then
2z € D? for some § € I. Necessarily, z € Z,, and by 2.8 there is a clopen set
CCD’ zeC. Let I'=T1U{z}. Weset C2 =2, C?=C,sothat D* = C.
Further we set Es5, = C3 \ C, F5, = C? and for every a € I \ {6}

Eo. = (CNFas) U (Ci\ (C N DY),
For = (€N Eas) U (CF\ (C N DY)).
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Since C'is clopen, all the defined sets are compact open. (See 3.4.) We check
that (1)-(6) remain valid.

Let « € I, a #£ 9. Since C§ 2 Zy and C; N Zy = C N Zy = (), we can
compute:

(CENCHU(CENCE))NZy=C§ N Zy = By, N Zy,
(CENCHU(CENCE))N Zy=Cr N Zy = Fy, N Z.

The same is true if we write ¢ instead of a. Hence, (1) and (2) hold. Further,
E;.NFs;,NnD°ND*C(C5\C)NC = 0. Since E,. N D*N D* = E,, N DN
C=FsND*ND* and F,,ND*N D* = E,s N D* N D?, we obtain that
E,.NF,.ND*ND?C F,sNE,sND*N D’ = (). (Obviously, D* = C C D°.)
This shows (3).

Further, F5, U F5, = (C{\C)UCY = CoUC? = Z and E,, UF,, =
(CN(EasUFas))U(C\(CNDY))U(CT\(CND?)) 2 CU(CE\C)U(CT\C)
CeuCy = Z. Thus, (4) holds.

To show (5) and (6) let o, € I, a # 3 # 0 # «. Let us denote
D =D“ND’ND?* D' = D*ND’N D? Notice that D C D°, Es,N D' =0,
Fs.,Nn D" = D'. We have:
E.,NEs.ND=EzNEsnNDND°CF,sND*ND*CE,,,
E..NEg,ND=F,NEzNDC E,s,
EsNEs,ND' =E,, NEs,ND =0,

EwsNE,ND =EsNF,sND =0,

which shows (5). Similarly,
FosNFz.ND=F,sNEzNDCF,sND*ND*CE,,,
Fo.NEg,ND=ENEgNDC E,g,

FsNFs,.ND =F,sND CE,.,

FsNE,.ND CFsNEsND =0,

F,.NFs,NnD CF,,ND*ND*C E_,;.

This completes the proof of (6).

Since (6) remained valid, ~, has at most 2 equivalence classes for every
y € Z. Moreover, ~, has now 2 equivalence classes, since z € C' = Fj,.
Repeating this procedure we obtain families {E.3 | o, 8 € I”, o # B},
{Fap | a, B € 1", o # [} satistying (1)-(6) such that ~, has either 0 or 2
equivalence classes for every z € Z. In the sequel we write I instead of I”.
(The assumption |I| < ¥y is no longer essential.)

Lemma 3.7 There exist families of compact open sets {En.p | o, 8 € J, o #
B}, {Fap | @, 8 € J, a # [} such that (1)-(5) are valid and, moreover,

(*) for every z € Z, ~, has either 0 or 3 equivalence classes;
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(*¥*) forevery 21,20 € Z, 21 # 29, there is « € J such that z; € C§\CY, 25 €
e\ C.

P roof Let Gy be the set of all clopen sets in Z that are subsets of
D = J,e; D* € Z,. Let Go be the family of all clopen subsets of Z. Let J
be the disjoint union of the sets I, G; and G,. We need to define the sets C',
Cla, Eaﬁ, Fag if o € G1 UGy Ol"ﬁe G1 U Gs.

For a € Gy weset Cf = Z, Cf = a. For a € Gy, B € I we define
E.s=Co\(anND?), Fay=aUC. If a, B € Gy, we set Eqg = Z, Fopg = 0.

For o € Gy weset CF = Z\ o, Cf = a. lf a € Gy, B € J\ {a}, we set
Eop = (CENCHU(CENCY), Fop = (CgNCY) U (CY N CY).

Since every a € G; U G, is a clopen set, all the defined sets are compact
open. (Use 3.4.) In all cases, (1), (2) and (4) are easy to see.

(3) is trivial if & € Gy or B € Gy, because for a € G we have D* = (). If
both o and 3 belong to G, then (3) follows from F,3 = (). Finally, let a € G,
B el. Then E,snND*NDP = E,;Nan D’ = (. Hence, (3) holds.

If some of «, 3, v belong to Gy, then D*N D? N DY = () and (5) is trivial.
If o € Gy, B €1, then E,sND*NDP = (), which implies (5). The other cases
when {«, 3,7} NGy # 0 and {«, 3,7} NI # () are similar. The remaining
case is a, 3,7 € Gy. Then E,, = Z and (5) is trivial.

Now we show (*). If z ¢ D then z ¢ D for every o € G;UG, and ~, has 0
equivalence classes. Suppose that z € D* for some a € I. Then ~ restricted
to I has two equivalence classes, hence z € DN D and 2z € F,p for some
B e€l. By 28, thereisy € Gy withz € v C D. Then z € D7 = v C F,,,NFp,.
Thus, a, 8 and v belong to different ~,-equivalence classes.

Now, let § € J\ {a, 3,7}, 2 € D°. We claim that either z € E,s or
2 € Egs or z € E5. This is clear from (6) if § € I, since o, 5 € I. If § € Gy,
then obviously z € E.;. Finally, the case § € G, is excluded because D° = ()
whenever 0 € Gy.Thus ~, has exactly 3 equivalence classes.

It remains to show (**). Let 23 # 29. If 21,290 € Zy then z; € B,
29 ¢ B® for some B* € B and therefore z; € Cf, 2o € Cf for some « € I.
Since C§ NCY N Zy =0, we have z, € C§\ CF, 20 € CP\C§. If 2y ¢ Z, then
there is a clopen set C' C Z,, with z; € C, z5 ¢ C. Clearly, 6 = Z \ C € G,
21 € Cg\Cf, 29 EC?\CS [ |

Lemma 3.8 For every o, § € J, the sets C$ N CY \ (Fap N DN DP), CoN
CU\ (Fag N D*N DPY, CoNCY\ (Eus N D* N DP) are open.
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Proof. We prove the statement for the set Y = C¢ NCS \ (Fas N D*N DP).
By 3.2, the set Y N Z, is open. By (1) and (3), Y N Zy C E,s, hence
YNZy CYNE, CY and hence Y = (Y NZ,) U (Y N E,p), which is an
open set because Y N By = C$ N CY N E,p is open. B
Now we are ready to define an embedding ¢ : Z — L3(J). For every
z € UZE ;D% let A,, B., C, denote the three equivalence classes of ~,. For
every z € Z we set o(z) = f, where f : J — {0,1,a1,as,as} is defined as
follows:
0 if zeC9\ 0y
1 it zeCy\Cf,
fla) =< @ if z€e A,
Qo if =z S Bz,
as if zedC,.

Since A,, B,,C, #Q or A, = B, = C, =), f is indeed an element of Ls(.J).
In the definition of f it does not matter which ~_-equivalence class is denoted
A,, B, or C, respectively.

Lemma 3.9 ¢ is injective.

Proof. Let 21 # 2z, o(z1) = f, () = 7. By (**) there is § € .J such
that f(9) =0, g(6) =1, hence f % g. I

Lemma 3.10 ¢ is continuous.

Proof By 24 we have to show that ¢ 1(G,) is open for every r :
{a, B} — {0,1}, a, B € J. If a = 3 then ¢ 1(G,) is equal to C§ or CF. Let
a # 3. First let r(a) = r(3) = 0. By the definition of G, (3) and (4) we
have o' (G,) = ((C§ \ CF) N (Cy' \ CY)) U (Cg\ Cf) N D) U (D* N (Cy \
CNU(D*NDP N ELg) = (CYNCH\ (D*NDP)) U (D*NDP N E,p) =
(CoNCHY\ (D> N DP N F,z), which is open by 3.8.

If r(a) = 0, 7(8) = 1, the calculation is the same, just interchange C¥
with €} and E,g with F,g. The remaining possibilities for 7 are similar. B

Lemma 3.11 Let P, ) be open compact subsets of Z such that PN Zy =
QN Zy. Then P = (Q\ B;1)U By for some clopen sets By, By C Z.
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Proof. By 3.2 thesets By =Q\ P and By = P\ Q are clopen in Z,, and
hence open in Z. Obviously, they are compact. By 3.3, they are closed. i

Lemma 3.12 ¢ is an open mapping.

Proof. Forevery a € J wehave p(C§) = {f € L3(J) | f(a) # 1}Np(Z),
0(Of) = {f € Ls(J) | f(a) # 0} N¢(Z), which are open subsets of ¢(Z).
Further, if C'is clopen then C' = « for some a € Gy and p(C) = p(CP\C§) =
{Few(2)] f(0) = 1} and (Z\C) = p(C5\CY) = {T € 9(2) | f(a) = 0},
which are closed subsets of ¢(Z). Hence, ¢(C) is clopen in ¢(Z).

Now, let B be an arbitrary open compact subset of Z. Then BN Zy, € B
and hence BN Zy = C§ N Zy for some a € J. By 3.11, B = (C§ \ By) U By
for some clopen sets By, By. Since ¢ is injective, we have p(B) = (¢(C§) \
©(B1)) U ¢(Bsy), which is an open set.

Thus, ¢(B) is open for every open compact set B C Z. Since these sets
form a base of the topology of Z, ¢(M) is open for every open set M C Z. i

Lemma 3.13 ¢(Z) is a closed subset of L3(J).

P roof. Since Z is compact, ¢(Z) is compact too. For contradiction,
suppose that f € cl(p(Z)) \ ¢(Z). By 1.1 there is § = p(2) € ¢(Z) and a
net N = {p(x,) | @« € A} C o(Z) such that f and g are the limit points
of N. This net has no other cluster points. Necessarily, f,¢g : J — {0,1},
f # g. There exists v € J such that f(7) # g(7). Let ¢(z4) = ho. The
sets Ag = {h € L3(J) | h(y) # 0}, Ay = {h € L3(J) | h(y) # 1} are open
and contain the points f and g respectively. Hence, there is 3 € A such that
he € AgN A; for every a > 3. Consider the net M = {z, | « € A, a > 3},
Since Z is compact, M must have some cluster points. If x is a cluster point
of M, then the continuity of ¢ implies that ¢(z) is a cluster point of N. Tt
follows that z is the only cluster point of M. Further, h, € Ay N A; implies
o € D7 = CJ NCY. Since the sets Cf, C] are compact, we obtain that
z € D7, which means that g(y) € {a1, as, a3}, a contradiction. W

Thus, we have completed the proof of our main result.

Theorem 3.14 Let Z be a topological space satistying (i)—(v) of 2.7. If Z,
contains at most N clopen sets, then Z is homeomorphic to a closed subspace
of L3(X) for some set X.
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Together with 2.7 we have the following consequence.

Theorem 3.15 If | X| < ¥y and n > 3 then L, (X) is homeomorphic to a
closed subspace of L3(X).

On the other hand, in [6] we proved that for | X| > X; the space L, 1(X)
is not embeddable in L, (X). To get an abstract characterization of closed
subspaces of L3(X) in general, we should state the existence of the sets E,g,
F,s with appropriate properties as an additional condition.

4 Congruence lattices of lattices

Let L be a distributive algebraic lattice. An element = € L is called strictly
meet irreducible if x = inf X implies x € X for every subset X of L. Let
M (L) denote the set of all strictly meet irreducible elements. Endow the set
M (L) with the topology whose closed sets are C, = {y € M(L) | y > x} for
all x € L. We have the following theorem. (See [6], theorems 2.4, 3.2 and
5.1.)

Theorem 4.1 For a distributive algebraic lattice L, the following conditions
are equivalent:

1. L is isomorphic to Con(A) for some A € MO;
2. M(L) is homeomorphic to a closed subspace of L, (X) for some set X;

3. L is isomorphic to O(Z) for some set X and a closed subspace Z of
L,(X).

Remark. Instead of MO the paper [6] deals with the varieties M,
of (possibly unbounded) lattices. Consequently, it investigates the spaces
H(F, (X)) which are obtained from L, (X) by deleting the points o, i, which
correspond to the two constant mapping X — {0,1}. That is why we used
the results of [6] only in the places where the difference between H (F,, (X))
and L, (X) is inessential.

The spaces H(F, (X)) are not compact. We conjecture that theorems
analogous to 3.14 and 3.15 are valid for these spaces if the compactness is
replaced by local compactness at appropriate places. However, an attempt
to do so leads to a quite nontrivial complications.

The above theorem together with 3.14 and 3.15 has the following conse-
quences.
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Theorem 4.2 Let L be a distributive algebraic lattice containing at most
N; compact elements. Let n > 3. The following condition are equivalent:

1. L is isomorphic to Con(A) for some A € M%;
2. M(L) satisfies (i)—(v) of 2.7;

3. L is homeomorphic to O(Z) for some topological space Z satisfying
(i)—(v) of 2.7.

Theorem 4.3 If A € M% n >3 and |A| <Ny then there exists B € MY
such that Con(A) is isomorphic to Con(B).
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