AFFINE COMPLETENESS OF KLEENE ALGEBRAS

MIROSLAV HAVIAR, KALLE KAARLI AND MIROSLAV PLOSCICA

ABSTRACT. An algebra is called affine complete if all its compatible (i.e. congruence-
preserving) functions are polynomial functions. In this paper we characterize affine
complete members in the variety of Kleene algebras. We also characterize local
polynomial functions of Kleene algebras and use this result to describe locally affine
complete Kleene algebras.

1. INTRODUCTION

Let A be a universal algebra. A function f: A™ — A is called compatible if, for
any congruence 6 of A, (a;,b;) € 0,i=1,...,n, implies that

(f(a17"'7a’n)7f(b1,...,bn)) co.

A polynomial function (or simply a polynomial) of A is any function that can be
obtained by composition of the basic operations of A, the projections and the con-
stant functions. A local polynomial of A is any function which can be interpolated
by polynomials on all finite subsets of its domain.

Obviously, (local) polynomials are compatible functions. An algebra is called
(locally) affine complete if the converse holds: every compatible function is a (local)
polynomial. (We note that the concept ‘locally affine complete’ has sometimes
another meaning in the literature - see e.g. [10].)

Originally, the problem of characterizing algebras which are affine complete was
formulated in [6]. Since every algebra is a reduct of an affine complete algebra (e.g.
of that which contains all its compatible functions among the basic operations), in
[3] the problem was reformulated as follows: characterize affine complete algebras
in your favourite variety.

For various varieties of algebras affine completeness has already been investigated
(see introductions in [3] or [8]). The papers [5], [7]-[9] and [11]-[12] contain some
ideas that are close to our considerations. In [7] affine completeness of the class
of algebras containing Kleene algebras was studied. In particular, it was shown
there that a finite Kleene algebra is affine complete if and only if it is a Boolean
algebra. The aim of this paper is to characterize affine completeness and local affine
completeness for Kleene algebras in general.
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For our purpose, the following generalization of affine completeness will prove
useful. Let A be a subalgebra of an algebra B. We say that A is affine complete
in B if every compatible function on A can be interpolated by a polynomial of B.
(That is, we can use all elements of B as constants.) Clearly A is affine complete
iff it is affine complete in itself.

In fact the study of affine completeness is motivated by far more general problem
of characterizing (local) polynomials for given classes of algebras. For example,
local polynomials of bounded distributive lattices are polynomials and one can
characterize them as order preserving compatible functions [5]. One can prove
that local polynomials of arbitrary distributive lattices are exactly order preserving
compatible functions [4].

Our approach provides similar characterization of local polynomials for Kleene
algebras. Of course, the order relation has to be replaced by another appropriate
binary relation. It is also worth mentioning that our final results are constructive:
we are able to write down explicitly the interpolating polynomials for the given
compatible function.

Now we recall the definition and some terminology for Kleene algebras. For more
information see e.g. [1] or [2]. A Kleene algebra is a bounded distributive lattice
with an additional unary operation (complementation) denoted by ’ and satisfying
the identities:

(zvy) =2'ANy, (enz)V(yVy)=yVvy ,0=1,2" =z

and their duals. Clearly every Boolean algebra is a Kleene algebra. A typical
Kleene algebra which is not Boolean is 3 = {0,a,1} with 0 < a <1 and a’ = a. It
is known that the variety of Kleene algebras is generated by 3. Moreover, 3 and
its subalgebra 2 = {0, 1} are the only subdirectly irreducible Kleene algebras.

For every Kleene algebra K we denote K¥ = {x V 2/|z € K}. The subset K"
is defined dually. It is easy to check that KV and K" are a filter and an ideal of
the distributive lattice K, respectively. Obviously the complementation operation
induces an antiisomorphism between them. Note that the union K'Y UK” is always
a subalgebra of K and every congruence of the lattice KV extends in a natural way
to a congruence of the Kleene algebra KY U K. Now, it is known [2] that the
variety of Kleene algebras has the congruence extension property. Hence we have
the following important lemma.

1.1 Lemma. For every Kleene algebra K, any congruence of the lattice KV is a
restriction of some congruence of the Kleene algebra K.

We write x Ty if t As <y < a2V s for some s € KV and call the binary
relation C the uncertainity order for K. The main results of the present paper are
the following.

(1) The function on a Kleene algebra K is a local polynomial function if and
only if it preserves the congruences of K and the uncertainity order.

(2) A Kleene algebra K is affine complete if and only if the lattice KV is affine
complete in the lattice K.

(3) A Kleene algebra K is locally affine complete if and only if the lattice KV
is locally affine complete.
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2. NECESSARY CONDITIONS

In [8] it was proved that a Stone algebra S is affine complete if and only if the
filter D(S) of its ‘dense’ elements is (as a lattice) affine complete in S. Our result
for Kleene algebras looks very similar. The first steps toward it were done in [7]
where it was proved that a Kleene algebra K with a finite filter KV is (locally)
affine complete if and only if it is a Boolean algebra.

First we look at a canonical form for n-ary polynomials of Kleene algebras. Let
= {1,...,n} and consider a pair of subsets a1, as C n. To every such pair
= (a1, a2) we assign the n-ary Kleene term

Co(x1, ... x0) = ( \/ z;) V ( \/ ;) .

1€EQ 1€

n
o

It follows easily from the axioms of Kleene algebras that every Kleene polynomial
can be represented as a meet of polynomials k, V C, where k., are constants from
K. We refer to the polynomials k, V C, as to elementary polynomials of a Kleene
algebra.

2.1 Lemma. Let K be a Kleene algebra. If K is affine complete, then KV and
K" are (as lattices) affine complete in K.

Proof. Let g: (KY)™ — KV be a compatible function of the lattice K. Define a
function f: K" — K by

f(x1,...,xn) =gz Vi, ...,z Va,) forall zy,...,x, € K.

It follows from Lemma 1.1 that f is a compatible function of the algebra K and
its restriction to (KY)™ is g. Since K is affine complete, f is a polynomial function
of K and hence f can be written as the meet of some elementary polynomials
ko V Cy. We will show that omitting in this polynomial all members of the form
we get a lattice polynomial of K which coincides with the function g.

Obviously we can omit all z; which appear in elementary polynomials
ko V Co(x1,...,2,) with oy # (. This follows from the fact that x < y for all
x € KN,y € KY. Now let b be the meet of all coefficients k, for which a; = 0.
It is easy to see that b = f(1,...,1) € K" implying k, € K" whenever a; = (.
Thus the assumption that in such elementary polynomials k, V Cy (21, ...,x,) all
variables take their values in KV implies ko V Co(21,...,2,) = ko € KV. Hence
the members of the form z/ can be omitted again.

We have showed that if K is affine complete then KV is (as a lattice) affine
complete in K. For K the statement can be proved dually. [

The following lemma can be proved similarly as the preceding one. It is a special
case of [7, Theorem 1].

2.2 Lemma. If K is a locally affine complete Kleene algebra then the lattices KV
and K are locally affine complete.

As we see from Lemma 2.1, to get a description of affine complete Kleene al-
gebras, we need to describe situations in which the lattices K'Y and K” are affine

complete in the lattice K. For this we use some concepts and technique developed
in [11] and [8].
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A filter F' of a distributive lattice L is called almost principal if for every x € L
the filter FN T2 = {y € F' | y > z} has a smallest element. An almost principal
ideal of L is defined dually. A filter or an ideal of L is said to be proper if it is not
equal to L. An interval of L is proper if it contains at least two elements.

2.3 Lemma. Let D be a sublattice of a distributive lattice L. Suppose that D is
affine complete in L. Then

(B) D does not contain a proper Boolean interval;
(F) for every proper almost principal filter F' in D there exists b € L such that

F=DnN71b;
(Z) for every proper almost principal ideal I in D there exists ¢ € L such that
I =DnN |c.

Proof. If D contains a proper Boolean interval [a, b], we define a function f: D —
[a,b] by f(z) = ((xVa)Ab) where’ denotes the complementation operation in [a, b].
This function is compatible but not isotone (f(b) = a < b = f(a)) and therefore
cannot be represented by a lattice polynomial of L.

We have proved (B). To prove (F) (the proof of (Z) is similar), let F' be a proper
almost principal filter in D. We define a function g: D — D by g(x) = min(FN Tx).
We see that F' is the set of all fixed points of g. It is not difficult to show that g is
compatible (see [11, proof of 2.2]). By our assumption, g can be interpolated by a
polynomial of L. Without loss of generality, g(z) = x Vb for some b € L. We claim
that F' = DN Tb. If x € F then x = g(x) = 2 V b, whence z > b, i.e. x € DN Tb.
Conversely, if z € DN 1b, then g(z) =x Vb= x € F. The proof is complete. [

For local affine completeness we have the folowing result.
2.4 Corollary ([4; p. 102]). A distributive lattice is locally affine complete if and

only if it does not contain a proper Boolean interval. [J

3. ON COMPATIBLE FUNCTIONS

In what follows we always assume that the Kleene algebra K is embedded in 37,
a power of the Kleene algebra 3 = {0,a,1}. We write the elements of K in the
form x = (z;)er.
3.1 Lemma. Let f: K" — K be compatible, zj,y; € K, j=1,...,nandi € I.
Then T1; = Y14y - -+, Tng = Yni tmplies f(x1, ..., x0)i = f(Y1,- 3 Yn)i-
Proof. Consider the compatibility relative to kernel congruence of the i-th projec-
tion. [J

This means that every compatible function f determines the coordinate functions
fi such that f;(z1;,...,%n;) = f(x1,...,2,); for all z1, ..., 2, € K. Obviously, the
family (f;);c;r completely determines f, so we may identify f with this family.

For any s € KV we define the subalgebra K* of K:

K*={zxe Klz Vv >s}.

3.2 Lemma. Let s € KY. If two n-ary compatible functions of K coincide on
{0, s,1}™ then they coincide on (K*)™.

Proof. Let f and g coincide on {0, s,1}"™. We prove that

flxy,.o o xn)i = g(x1, ..o Tn);
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for every x1,...,x, € K® and ¢ € I.
First we define for every z; the element y; € {0,s,1} having the same i-
component as x;:
0 if Tji = O;
yj = 1 if Cl]'ji = 1;
s it z;=a.

Now by Lemma 3.1,
fler,an)e = fil@re, o @ne) = filyris - Yne) = fly, oo yn)is

g(x1, . xn)i = Ggi(@1iy o Tng) = Gi(Y1is -+ Yni) = 9(Y1, -, Yn)i -
]

Now we define binary relations on K which turn out to be of great importance.
For any s € K we put

rCsy <= zAs<yAsand aVs >yVs

or equivalently
rCyy <= axAs<y<azVs.

3.3 Definition. The union of all relations T, where s € KV is denoted by T and
called the uncertainity order of the Kleene algebra K.

Note that in case K = 3 the uncertainity order is the following subset of 3 x 3:

{(0,0), (a,a), (1,1),(0,a), (1,a)}.

3.4 Lemma. The uncertainity order on K s inherited from the uncertainity order
on 3, i.e. x Ty iff x; Cy; for every i € I.

Proof. Let x Cy. Then x As <y <z Vs for some s € K. For every i € I we
have z; A s; <y; < z; Vs, and s; € 3Y, hence x; C ;.

Conversely, suppose that (z;,v;) € {(0,0),(a,a),(1,1),(0,a),(1,a)} for every
i€l Letusset s=(xVa')A(yVy'). Clearly s € K and it is easy to check that
NS <y, <z Vs, foreveryiel. [

It is easy to check that all relations Cg are reflexive and transitive. Further, Cg
is a subset of C; whenever ¢t < s. Hence, C is a directed union of the relations
Cs (s € KV). Since all the relations Cg are subalgebras of K 2. the same is true
for C. This implies that every local polynomial function of K preserves C and all
relations Cg , s € K.

3.5 Lemma. The relations C and T4 coincide on the set K*°.

Proof. Obviously, C; is contained in C. Suppose now that x C; for xz,y € K*. We
have to check that z; A's; < y; < x; V s, for every i € I. This is clear if z; = y;.
In the remaining cases (z;,y;) = (0,a) and (z;,y;) = (1,a) we have s; = s, = a
because a = y; V y, > a by our assumption. [

In the next section we shall see that these properties together with compatibility
characterize local polynomials of Kleene algebras.
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3.6 Lemma. Ifb,c,s € K and b C; c then there exists a unary polynomial p of K
such that p(1) = b and p(s) = c.

Proof. A suitable polynomial is p(z) = (x V¢) A(cVb) A (bV 2'). Indeed,
p()=1AVe)A(eVO)ADBVT)=1A(cVD)ADBVO)=(cVDAb=D
and
p(s)=(sVe)A(eVOA(DVS)=(sVe)A(evb)=cV(sAb) =c.

O

3.7 Lemma. If all unary compatible functions of K preserve the relation Ty for
some s € K then so do all compatible functions.

Proof. Let z;,y; € K,z; T y;j,7 = 1,...,n, and let f be an n-ary compatible
function on K such that f(zy...,z,) s f(y1,...,Yn). Using Lemma 3.6 take
unary polynomials p; such that p;(1) = z;,p;(s) = y; and consider the unary
compatible function g(z) = f(pi1(x),...,pn(x)). Obviously 1 Ty s but g(1) Zs
g(s). O

The next lemma will prove useful in a characterization of locally affine complete
algebras (Theorem 4.3).

3.8 Lemma. If all compatible functions on the lattice KV are order preserving then
all compatible functions on Kleene algebra K preserve all relations C,,s € KV.

Proof. Suppose there is an s € KV and a compatible function f on K which does
not preserve C;. In view of Corollary 3.5 we may assume that f is unary. We show
that then there is a compatible function on the lattice KV which does not preserve
the order relation.

Let z,y € K,x Cg y but f(x) Zs f(y). Obviously then there exists i € I such
that x; Cg, y; but fi(z;) Zs, fi(y;). This is possible only in case s; = a = y; and
fi(x;) # fi(y;) # a. Without loss of generality, f;(y;) = 1, otherwise consider the
function g(z) = f(z)’.

Assume first f;(1) < a. The function g(z) = f(z) V s is a compatible function
of the Kleene algebra K and maps KV into KV. By Lemma 1.1 the restriction of
g to KV is a compatible function of the lattice K. However, g does not preserve
the order relation of K because g;(1) = a and g;(a) = 1, and hence g(y) £ g(1).

Now let f;(1) = 1. Then we have f;(0) < a and considering the function g(z) =
f(2") V s we obtain a similar contradiction. [J

Now we return to canonical forms of Kleene polynomials. We shall construct
such polynomials in the form

(1) par,.. . xn) = J\ (ko V Calx1,. .., 2n))

aeP

where k, are constants from K and P stands for the set of ordered pairs a =
(a1, ag) of subsets of n such that a; Nag = 0 or a3 U ag = n. Further, we denote
Ph={aeP|lartNas =0}, P, ={a € P | a;Uay =n}. We write a < beta for
elements of P if oy C 31 and as C 2. We keep this denotation throughout the
paper.
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If f: K™ — K is any function and o € F,, we denote by f, : K — K the
function defined by the rule

0 if j€am;

faly) = f(x1,...,2,), where x; = ¢ 1 if j € ay;

y otherwise.

3.9 Lemma. Suppose that a compatible function f : K™ — K preserves the
relation C. Then, for every s € KV, 3,7 € Py, v < 3, the following holds:

(1) fa(s) N &' < fo(s) < fa(s) V s;
(2) Fs(s') s’ < fo(s)) < fals') V s.

Proof. We prove (1). If s; = 1 then trivially

((*)) (fa(s) N s')i < fy(s)i < (fa(s) V )i

So, let ¢ € I be such that s; = a. Then also s; = a. Now the case f,(s); = a is
trivial, let us assume that f,(s); # a. Recall that fg(s) = f(z1,...,2,), where
rp = 0 for k € (B, zp, = 1 for k € (B and x, = s otherwise. Let us define
21y...,2n € K as follows: z, = 0 for k € ~1, 2z = 1 for k € 79, 2 = & for
k € B1\ 71 and z = s otherwise. Since 0 C s’ and 1 C s, we have x C 2 for every
k, which implies that fz(s) C f(21,...,2n). By 3.1, f(21,...,2n)i = f+(s);, hence
fa(s)i C fy(s)i. Since f(s); # a, this is only possible if fz(s); = f,(s); and hence
(*) holds.
The proof of (2) is similar. [

3.10 Theorem. Let f: K" — K be a compatible function on a Kleene algebra
K. Let s € KV be such that f preserves C,. Suppose that the constants ke, (o € P)
satisfy the following conditions:

(i) ifa € PyN P, then ko = fo;

(ii) ifa,y € P, mNy2 =a1 Ny =31 Nag =0 then fz(s) < ko V s for some

B € Py with v < (3;

(iii) if o« € Py then ks < fo(s) Vs, where 6 = (n\ az,n \ ai);

(iv) if o,y € Py, a <7y, then ky As" < fy(s) < kq.
Then f coincides with the polynomial N\ cp(ka V Co) on the set {0,s,1}".

Proof. Let T = (x1,...,2z,) € {0,s,1}". Without loss of generality, 1 = --- =
Ty =0,Tp41 =" =T, =8,Tj41 = =Ty = L.

First we prove that f(T) < ko V C, for every a € P. If oy L lor as € n\ k
then C, = 1 and the statement is trivial. Let us assume ay3 C [ and as C n\ k.
We distinguish two cases.

1. Let ag Nag = 0. Weset 1 = aq Uk, 72 = az U (n\ ). Then, by (i),
f3(s) < kq Vs for some 8 with 81 D v1, B2 DO 72. By 3.8 then also f(Z) < k, V s.
Now, if a1 € k or ag € n\ [ then C,, = s and therefore f(Z) < ko VCy. If aq Ck
and ap C n\ [ then f(Z) = f,(s) < ko by (iv).

2. Let ay U = n. Necessarily k C ag, n\ 1 C az.We set v = (a1 \ ag,as \ a1)
and repeat the argument from the previous case. (If k& = [, we use (i), otherwise
Co =5.)

Now we prove the inverse inequality. We have to show that f(Z); > A, cp(ka V
Cy); for every i € I. We discuss two cases.
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1. Suppose that s; = 1. We set v = (k,n \ k). Then f(Z); = fy(s); = (ky)i =
(ky V Cy);, because either C, =0 (if k =1) or Cy = ¢ (if k < ).

2. Suppose that s; = a. Then also s, = a. Let v = (k,n\ 1), 6 = (I,n\ k). We
claim that f(z); > (k, V Cy); or f(Z); > (ks V Cs);. Clearly, C., = 0 and Cj €
{0,5V s'}, hence (Cs); < a. If f(Z); = 0 then, by (iv), (k)i Aa < fy(s)i = f(Z)s,
which implies that (k,); = 0 and therefore f(Z); > (k, vV Cy);. If f(Z); = a then,
by (iii), ks < fy(s) Vs = f(Z) V s, hence (ks); < f(Z); V a = a, which implies that
f(f)z > (/C(; V C(;)Z O

4. LOCAL POLYNOMIALS OF KLEENE ALGEBRAS

In this section we describe local polynomials of Kleene algebras, which leads to a
characterization of local affine completeness.

4.1 Theorem. Let f be an n-ary compatible function on a Kleene algebra K.Then
the following are equivalent:

(1) f is a local polynomial function of K;

(2) f preserves the uncertainity order of K ;

(3) f can be interpolated by a polynomial on K* for every s € KV.

Proof. The implication (1) = (2) is obvious and (3) = (1) follows from the fact
every finite subset of K is contained in some K*, s € K. Im remains to prove

(2) = (3).
By 3.2 it suffices to interpolate f on the set {0, s,1}. Keeping in mind the general
form from Lemma 2.1 we define p(z1,...,z,) as a meet of elementary polynomials

ko V C, where the coefficients k. are calculated by the following rule:

(1) if oy Uag = n then k, = f(z1,...,2,) where

0 if jEO[l\&Q,
Tj = 1 if jEOéQ\()él,

s otherwise;

(2) if a3 U ag # n then k, is the join of all elements f(x1,...,z,) where
zj € {0,s,1} and
{ 0 if j€an,
T = e
1 if j€as.

Obviously, it suffices to prove that the elements k, fulfil the conditions from 3.10.
Of them, (i) is obvious. Now, let o,y € P satisfy the assumptions of (ii). If
ay Uag =n, we set = (a1 \ ag,a2 \ a1) and clearly k, = fg(s). If a1 Uag # n,
we set § = (a1 U7y, a2 Uz2) and again k, > fz(s). To show (iii), it is easy to
see that 01 Uda = n and ks = fa(s) is the definition of ks. In the condition (iv),
the inequality f,(s) < k, is clear by the definition of k,. To prove the inequality
ky Ns" < fy(s) we need to show that fg(s) As’ < fy(s) whenever 8 € P is such
that v1 C 1 and 5 C (5. This was proved in 3.9. [

4.2 Theorem. Let K be a Kleene algebra. The following conditions are equivalent:

(1) K is locally affine complete;
(2) KV is a locally affine complete lattice;
(3) KV does not contain a proper Boolean interval.
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Proof. The conditions (2) and (3) are equivalent by 2.4. The implication (1) = (2)
was proved in 2.2. It remains to show (2) = (1). (2) implies that compatible
function on the lattice KV is order preserving. By 3.6, every compatible function
on the Kleene algebra K preserves C. By 4.1, every compatible function on K is a
local polynomial. [J

4.3 Theorem. Let K be a Kleene algebra such that KV has a smallest element.
The following are equivalent:

(1) K is affine complete;
(2) KV is an affine complete lattice;
(3) KV does not contain a proper Boolean interval.

Proof. Since KV is now a bounded lattice, (2) and (3) are equivalent by ?.7. Since
every affine complete algebra is locally affine complete, the implication (1) = (3)
comes from Theorem 4.2. To prove (3) = (1) observe that by 4.2 the algebra K
is locally affine complete and hence every compatible function can be interpolated
by a polynomial on any K*. In our case, however, K = K* where s is the smallest
element of KV. [

5. AFFINE COMPLETENESS

In this section we prove the converse to Lemma 2.1. We start with a lemma
which gives a key for using the conditions (F) and (Z) relative to K" and K",
respectively. If Y is a subset of an ordered set X, we denote T ¥V ={z € X |z >
y for some y € Y} (and dually for | V).

5.1 Lemma. Let f: K — K be a local polynomial function of a Kleene algebra
K. Then K¥N 1 f(KY) is an almost principal filter in KV and KN | f(K") is an
almost principal ideal in K.

Proof. We prove the first statement. Let FF = KVN 1 f(KY) ={zx € KV | f(2) <
x for some z € KV}. We claim that, for x € KV,

zV f(x) =min{y € F | z < y}.

It is clear that x < z V f(z) € F. Conversely, let x <y € F. Then y > f(z) for
some z € K. By Corollary 3.8, f(z) < zV f(z) and hence zV f(z) < zV f(z) < y.
To see that F' is closed under meets, consider z,y € F, z =z Ay, t = min{u €
F | z<u}. Clearly, 2 <t <uz,t <y, hence z=t € F.
The other statement can be proved similarly. [

5.2 Theorem. Let K be a Kleene algebra. The following conditions are equivalent:

(1) K is affine complete;

(2) KV is affine complete in K ;

(3) K" is affine complete in K;

(4) KV does not contain proper Boolean intervals and for every proper almost
principal filter F in KV there exists b € K such that F = KVN 1b.

(5) K" does not contain proper Boolean intervals and for every proper almost
principal ideal I in K there exists ¢ € K such that F = KN | c.
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Proof. The existence of the antiautomorphism ’ for the lattice K yields that the
conditions (2) and (3) and similarly the conditions (4) and (5) are equivalent. The
implications (1) = (2) = (4) follow from Lemma 2.1 and Theorem 2.3. So we
have to prove only the implication (4) = (1). Let K be a Kleene algebra satisfying
(4) and f: K™ — K a compatible function. Since K has no Boolean intervals,
by Theorem 4.3 f is a local polynomial of K and preserves LC.

Let us consider the functions f, defined in Chapter 3. It is clear these functions
are local polynomials and preserve C. Therefore, by Lemma 5.1 the sets KVN 1
fa(KY) and KN | fo(K") are an almost principal filter and an almost principal
ideal of KV and K", respectively. Hence, by (4) and (5) we have constants by, ¢, €
K such that

KN Tfo(KY)=KYNTby and KN |fo(K")=K"N|c,.

Let us agree that in case a; U @y = n when the function f, is constant, both b,
and ¢, are equal to this constant value of f,.

It is not difficult to see that f,(s)V s =0,V sand f,(s")As" =cqAs' holds for
every s € KV.

Consider the polynomial

pa1,.. . zn) = /\ (ka V Ca)

acP

with constants k. defined as follows:

(1) if ay U = n then ko = b(a;\as,a0\a1);
(2) if @3 Uay # n then k, is the join of ¢, and all elements of the form
f(z1,...,2y,) where z; € {0,1} and

0 if je€a;
T =
! 1 if j€as.

We are going to prove that these constants satisfy the conditions of 3.10. (for
every s € KV).

(i) is obvious. Suppose now that a,y € P satisfy the assumptions of (ii). If
a € P, weset 8 = (aq \ 2,2 \ a1), hence k, = bg and therefore fz(s) <
fa(s) Vs =bgVs=kyVs. If a¢ P,, wecan find § € PyN P, such that a < 3,
v < B and then fz(s) < K,. To show (iii), it is easy to see that § € P, and
ks =ba < fa(s) V s.

Finally, assume that o and + satisfy the assumptions of (iv). The inequality
(cy Ns")i < fy(s); is clear for i € I with s; = 1. If s; = a then f,(s); = f,(s'); and
hence (cy As"); < fy(s);. This shows that ¢, As” < f,(s). Further, if 5 € Py N Py,
B > =, then fz(s) As" < f,(s) by 3.9. Thus, we have proved the inequality
ky As" < fy(s). It remains to prove that f,(s) < ko. We set 8 = (y1,n\ m). If,
for i € I, s; = 1 then fy(s); = fy(1)i = (f3)i < (ka)i- Suppose now that s; = a.
The case f,(s); = 0 is trivial. If f,(s); = 1 then (ko); > (fg)i = fy(1); =1

because 1 T s and f, preserves C. If f.(s); = a then also f,(s') = a = s

and, by 3.9, fo(s')i > fy(s')i A's; = a. Since ¢ > fo(s’) A's’, we obtain that
(ka)i > (ca)i > a = fy(s);. This completes the proof. [
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