AFFINE COMPLETE MEDIAN ALGEBRAS

MIROSLAV PLOSCICA*

ABSTRACT. In 1993, Bandelt has determined all locally affine complete median al-
gebras as those median algebras that do not contain a nontrivial Boolean segment.
In the present paper we characterize those median algebras that are not only locally
affine complete, but even affine complete. The condition that forces a locally affine
complete median algebra M to be affine complete is that certain subsets of M - the
proper Cebysev subsets - are finitely bounded. This condition will also be shown to
be necessary for affine completeness. Hence, we obtain the following characteriza-
tion: A median algebra is affine complete iff it does not contain a nontrivial Boolean
segment and every proper Cebysev set is finitely bounded.

1. PRELIMINARIES

Let A be a universal algebra. A function f: A™ — A is called compatible if,
for any congruence 6 of A, (a;,b;) €6,i=1,...,n, implies that
(f(al, ceey (ln), f(b17 ey bn)) S 0.

A polynomial function (or simply a polynomial) of A is any function that can be
obtained by composition of the basic operations of A, the projections and the con-
stant functions. A local polynomial of A is any function which can be interpolated
by polynomials on all finite subsets of its domain.

Obviously, (local) polynomials are compatible functions. An algebra is called
(locally) affine complete if the converse holds: every compatible function is a (local)
polynomial.

Affine completeness has been investigated for various classes of algebras. The
papers [3], [4], [7] and [9] contain some ideas that are close to our considerations.
We also use results of Bandelt ([1]) about local affine completeness.

Now we recall the definition and some terminology for median algebras. For
more information see also Bandelt and Hedlikova ([2]), van de Vel ([10]) and Isbell
([6]). Note that the median algebras we are dealing with in this note are called
symmetric media in [6].

On any distributive lattice D we define the median polynomial by

m(z,y,z) = (xVy) A(xVz)A(yVz)=(xAy)V(xAz)V(yAz).

This operation turns D into a median algebra. In general, a median algebra is an
algebra endowed with a single ternary operation which can be embedded in (D, m)
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for some distributive lattice D. Median algebras form a variety (equational class).
This variety can be defined, for example, by the following identities ([6]):

m(a7 a’ b) :a’
m(a,b,c) =m(a,c,b) = m(b,a,c) = m(b,c,a) = m(c,a,b) = m(c,b,a),
m(a,c,d) =m(a,m(a,c,d),m(b,c,d)).

(See [2] for other systems of axioms.) Every median algebra is a subdirect power of
the 2-element algebra (2,m), where 2 is the 2-element lattice and m is its median
operation. We always assume that a median algebra M is embedded in (D,m)
for some distributive lattice D and lattice operations appearing in the text refer
to this lattice. Since this embedding is not unique, we want to point out that our
statements will be valid for any such embedding.

Let M be a median algebra. For elements a,b,c € M we say that c is between
a and b if ¢ = m(a,b,¢). A subset C of M is convex if a,b € C and © € M
imply m(a, b, z) € C. Equivalently, C' is convex if, for every a,b € C, C contains all
elements of M that are between a and b. It is easy to see that the intersection of any
number of convex sets is convex. Hence, for any subset A of M there is the smallest
convex set containing A. We denote it by Conv A. A set of the form Conv{a, b} is
called a segment. It is not difficult to show that the segment Conv{a,b} consists
of all elements that are between a and b. Any segment (or, more generally, any
convex set) is a subalgebra of M. A segment is called Boolean if it is isomorphic to
(B, m) for some Boolean lattice B.

A nonempty convex set is prime if its complement is also convex and nonempty.
Any prime convex set C' determines a congruence 6 of M with the equivalence classes
C and M \ C. Congruences of this form are called split congruences. Clearly, M/
is isomorphic to (2,m). Using the Zorn’s lemma, one can show the following.

1.1. Lemma. (Nieminen [8]) Let A C M be a nonempty convex set, x € M \ A.
Then there is a prime convex set P with A C P, x ¢ P.

Locally affine complete median algebras were characterized by H.-J. Bandelt as
follows. A segment is nontrivial if it contains at least two elements.

1.2. Theorem([1]). A median algebra M is locally affine complete if and only if
it does mot contain a nontrivial Boolean segment.

Using the results of [1], we will single out those algebras that are affine complete.

2. POLYNOMIALS AND CEBYSEV SETS

A term function of a universal algebra A is any function composed of the pro-
jections (i.e. variables) and the basic operations.

2.1. Lemma. Let M be a median algebra, ) =1 C {1,...,n}. The formula
h(l’o,l?l,...,xn) = (IEO AN \/I‘Z) \Y /\$1
i€l i€l
defines a (median) term function h: M"T1 — M.

Proof. We proceed by induction on |I| (the cardinality of I). If |I| = 1 then
h(zo,...,xn) = x71 is clearly a term function. Suppose that |I| > 1 and choose
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j € I arbitrarily. Let J = I\ {j}. By the induction hypothesis, g(zo,...,z,) =
(w0 AV;ey i) V N\jey i is a term function. Then m(zo, g(zo, ..., 2n), ;) is also a
term function and
m(zo, 9(To,...,2n), ;) = (o V (9(x0, ..., xn) Axj)) A(g(x0,...,Tn) V)=
(.’L'() \Y /\iEJ a:l) AN (370 \Y .’lﬁj) AN ((l‘o A \/iGJ .’Ez) Va;V /\iGJ .’Ez) =
(.TO \Y /\iEI .’I}i) AN (.Z‘O Va;V /\iejxi) N ViEI T, =
(w0 V Njer i) A Vier i = h(x0, ..., 2,). O

The function h defined in 2.1 will be denoted by h;. Notice that the expression is
symmetrical, i.e. hr(zo,. .., 2n) = (2o AV,;c; i)V Nicr i = (@oV N\jer ) AV e i

2.2. Lemma. . Let § be a family of subsets of {1,...,n} such that INJ # ()
whenever I, J € §. Then the formula

hz(zo, ..., xn) = (:170\/(\/ /\mz)> /\(/\ \/:L‘z)

Iegiel Iegiel

defines a term function M™t! — M.

Proof. We proceed by induction on |§|. If § = 0 then hz(xo,...,z,) = o, which
is clearly a term function. Suppose now that |§| > 0 and choose J € § arbitrarily.
Let & = F\ {J}. Then he is a term function by the induction hypothesis and it
suffices to show that hg(zo,...,zn) = hy(he(xo,...,Tn), 1,...,2y). Since J has
a nonempty intersection with every I € & we have \,_; ;i < Ajce Vies Ti- Using
the distributivity we obtain that hy(heg(zo,...,Tn), X1, ,Tpn) =

((zoV (Ve Nier i) N (Areo Vier i) A (Vies i) V (Niey i) =

(@0 V (Vies Nier ©i)) A (Aree Vier #) A (Viey i) = hg(@o, ..., an). O

If we set I ={1,...,n}, § = {I} and replace variables z1,...,z, by constants,
we obtain the following consequence of 2.1.

2.3. Lemma. Let ay,...,a, be elements of a median algebra M. Then f(z) =
( ANy a;) V N\, ai is a polynomial of M.

2.4. Lemma. Let M be a median algebra, ay,...,a, € M. Then

Conv({a,...,an}) ={x € M| /\aigmg \/ai}.
i=1

i=1

Proof. First we show that the set C' = {z € M| Al a; <z <\/i_,a;} is convex.
Let z,y,z € M, y,z € C. Then m(z,y,z) = (xAy)V(zA2)V(yAz) < (zA
Vi, a) V(e AV, @)V Vi, a; =\, a; and symetrically, m(z,y, 2) > A, a;.

Now let K be a convex set, {a1,...,a,} C K. By induction on k we prove the

following assertion:
k k

if /\aigxg \/ai then x € K.
i=1 i=1
For £ = 1 we have a; < z < ay, hence x = a; € K. Suppose now that /\f=1 a; <
x < \/f:1 a;. Lety = (:16\//\1.:11 a;) /\vf;f a;. By 2.3, y € M, and by the induction
hypothesis y € K. Since K is convex, we have m(x,y,ax) € K and



4 MIROSLAV PLOSCICA*

yAag = (@ Aap NN a) VN iy

yVar = (zVarV /\f;l1 a;) A \/f=1 a;,

m(x,y,ar) = (xV(yAar)) A(yVag) =

(2 v AL @) AeVar VAL a) AV ai = @V ALy a) AV ai =
Putting kK = n we obtain that C C K. O

A subset C' of a median algebra M is called a Cebysev set, if for every z € M
there exists ¢ € C such that m(z, z¢,y) = xz¢ for every y € C (i.e. z¢ is between
x and every element of C'). Cebysev sets have been introduced in [6]. They are
connected with some maps on median algebras (called contractions or retractions)
and are used in some geometrical considerations. (See also [5].)

2.5. Lemma. Let M be a median algebra. Then C = Conv({a1,...,an}) is a
Cebysev set for any ai,...,a, € M and zc = (xV N/_;a;) AN\, a; for every
reM.

Proof. Let x € M and let z¢ be defined as above. Then for any y € C' we have
Ay a; <y <V, a; and hence m(z,zc,y) = (VN ai) A(@Vy) A (zc Vy) =
(VA" @) A V) AV y VAL a) Ay V VI a) =

(Vv (yA /\?:1 ai)) ANy Vv \/?:1 a;) = (zV /\:L:l a;) A \/?:1 a; =xc. U

Cebysev sets of the form Conv{as,...,a,} will be called finitely bounded.

2.6. Lemma. Let f: D" — D be a lattice polynomial of a distributive lattice
D, n>1. Then

flry, ... x,) < \/f(x“,acl)

holds for every xy,...,x, € D.

Proof. By the distributivity, f can be expressed in the form

flae,...,z,) = V§:1 fi(x1,...,x,), where each f; is a meet of some variables and
(possibly) a constant. It suffices to show that f;(z1,...,2,) < Vi, f(@iy... ;)
for each j. But this is clear, since f; is either constant and then f;(z1,...,2,) =
fi(x1,...,21) < f(z1,...,21) or contains some variable z;, which implies that
fj(xh...,xn)Sfj(aci,...,xi)gf(x“...@i). O

Since the above statement concerns only a finite number of elements, it is obvi-
ously valid for local polynomials, too. Further, if we consider a median algebra M
embedded in a distributive lattice D, then any polynomial of M is a restriction of
some lattice polynomial of D. Therefore, we obtain the following consequence.

2.7. Comnsequence. Let f: M™ — M be a (local) polynomial function of a
median algebra M, n > 1. Then

holds for every x1,...,x, € M.

We also need the following result from [1]:
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2.8. Lemma([l]). Every unary local polynomial function of a median algebra is
idempotent.

The above assertion can be generalized as follows.

2.9. Lemma. Let f be a n-ary local polynomial of a median algebra M. Let
Y1, yn € M, T C{1,...,n}. Then f(y1,.-.,yn) = f(21,...,2n), where

{y if i¢l,
Zi; = )
f(yla"'ayn) Zf’LGI

Proof. We proceed by induction on the cardinality of I. If I = (), the statement is
trivial. Suppose now that |I] > 0 and the statement holds for all sets J C {1,...,n}
with |J| < |[I|. Choose j € I arbitrarily. Let us define a function h: M — M by

h(z) = f(t1,...,tn), where
Yl ifi=
This is clearly a unary local polynomial. By 2.8, this function is idempotent. Hence,
we have f(yla s 7yﬂ) = f(yi7 s 7y%)7 where
y { " if i # j,

Using the induction hypothesis for the set J = I'\ {j} we have f(yi,...,y),) =
f(zl, ..., 20), where

e n

Yi =% ifi¢l,
Z;: f(yivvy;z)zzl leEJ,
Yi =y, yn) = 2 if i = j,

hence f(y1,..-,yn) = f(21,.-.,2n). O

3. AFFINE COMPLETENESS - THE FINITELY BOUNDED CASE

3.1. Lemma. Let f,g: M™ — M be compatible functions of a median algebra
M. Let ay,...,ap € M. If f and g coincide on {ay,...,ar}"™ then they coincide
on (Conv{as,...,ar})".

Proof. On the contrary, suppose that f(z1,...,2,) # g(x1,...,2,) for some
Z1,...,2n € Conv{as,...,ar}. By 1.1 there is a prime convex set P such that
flxy,...,x,) € Pand g(x1,...,2,) ¢ P. Let 6 be the split congruence determined
by P (i.e. having P and M \ P as its equivalence classes). We claim that for
every i = 1,...,n there is y; € {a1,...,ax} such that (z;,y;) € 6. This is clear if
{ai,...,ar} has a nonempty intersection with both P and M \ P. If this condition
is not satisfied, say {a1,...,ar} C P, (the case {a1,...,ax} C M \ P is similar),
then {z1,...,z,} C Conv{ay,...,ar} € P. The compatibility of f and g yields
that (f(z1,...,2n), f(y1,---,yn)) € 0 and (g(x1,...,2n),9(y1,.--,Yn)) € 0. Since
f and ¢ coincide on {ai,...,a,}"™, we have f(y1,...,yn) = 9(y1,...,Yn), hence
(f(x1,...,2n),9(z1,...,2,)) €0, a contradiction. 0O
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3.2. Consequence. If f: M™ — M is a local polynomial function of a median
algebra M then, for every ay,...ar € M, the function f can be interpolated on
(Conv{as,...,ar})™ by a polynomial.

Another consequence of 3.1 (together with 1.2) solves our problem in the case
when M itself is finitely bounded.

3.3. Theorem. Suppose that a median algebra M is finitely bounded. Then
(i) every local polynomial is a polynomial;
(ii) the median algebra M is affine complete if and only if it does not contain a
nontrivial Boolean segment.

We close this section with the following generalization of 3.3(i).

3.4. Lemma. Suppose that h : M™ — M is a local polynomial of a median
algebra M such that h(M™) C Conv{ay,...,ar} for some ai,...,a; € M. Then h
is a polynomial.

Proof. Let us set g(z) = (x A \/f:1 a;) Vv /\f:1 a;. It is easy to see that ¢ is an
endomorphism of the median algebra M (because the formula determines an en-
domorphism of the distributive lattice D in which M is embedded). Therefore, g
must preserve (i.e. commute with) the local polynomial h. Thus,

h(z1,...,zn) = g(h(z1,...,2,)) = h(g(x1),...,9(xn)). The local polynomial
h can be represented on the set (Conv{ai,...,ar})" by a polynomial p, hence
h(zy,...,z,) = p(g(x1),...,9(xy)), which means that we have represented h by a
polynomial on the whole M™. [

4. AFFINE COMPLETENESS - THE UNARY CASE

4.1. Lemma. For any Cebysev set C of a median algebra M, the function f :
M — M defined by f(x) = x¢ is compatible.

Proof. Let 6 be a congruence of M. Let z,y € M, (z,y) € 6. Then (z¢c,yc) =
(m(x7x07y0)7m(y7x07y0)) €0. O

4.2. Lemma. Let f: M — M be a compatible function of a median algebra M .
Suppose that M does not contain a nontrivial Boolean segment. Then
@) fof=f
(ii) C = f(M) is a Cebysev set;
(iii) f(z) = z¢ for every x € M.

Proof. By 1.2 f is a local polynomial and by 2.8 it is idempotent. Hence, (i) holds.

To prove (ii) and (iii) it suffices to prove that m(z, f(x),y) = f(z) for every
x € M and y € f(M). For a contradiction, suppose that f(z) # m(x, f(x),y).
Hence, f(z) ¢ Conv{xz,y}. By 1.1, there is a prime convex set P such that z,y € P,
f(z) ¢ P. Let 0 be the congruence on M with equivalence classes P and M \ P.
Then (z,y) € 0. Since f(y) = y (according to (i)), we obtain that (f(z), f(y)) =
(f(z),y) ¢ 0, which contradicts the compatibility of f. O

4.3. Lemma. Letay,...,an,b1,...,bp,c1,...,cp be elements of a median algebra

M. Let us denote a, = N\, a;, be = Niey bi, ¢ = N_, ¢i. Then

/\ m(ai, b, ck) = (ax Abi) V (ax Acy) V (b Acy).
ik
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Proof. Denote t = A m(a;, bj,c,). Wehavet > A (a;Abj) = A(aiAbj) = a. Ab,
i,k ik i
and similarly, ¢t > ax A ¢y, t > by A . Hence t > (ax Aby) V (ax A cy) V (by A cy).
Conversely, t < A(a; Vb;) = a, Vb, and hence t < (a. Vby) Aay Veo) A (b Vey) =
4,

(ax ANbe )V (asx Acy) V (b ANew). O

4.4. Lemma. Let f: M — M be a unary polynomial of avmedian algebra M.
Then f is an identity mapping or f(M) is a finitely bounded Cebysev set.

Proof. We proceed by induction on the structure of f. If f is an identity map-
ping or a constant, the statement is obviously true. Suppose now that f(z) =
m(f1(z), fo(x), f3(x)), where f1, fo, f3 have the required property. If at least two
of f1, fo, f3 are identity mappings, then f is also an identity. We distinguish the
remaining two cases.

I. Suppose that none of f1, fa, f3 is an identity. Then fi (M) = Conv{ay,...,a,},
fo(M) = Conv{by,...,bn}, f3(M) = Conv{ci,...,c,} for some suitable elements
of M. We claim that

f(M) = Conv{m(a;,bj,cx) |i=1,....,n, j=1,...,m, k=1,...,p}

Let us denote a* = \/!"_; a;, ax = N\[_q ai, b* =\ by, by = \i2y by, ¢ = V0 ci,
o = N_j¢. By 42 and 2.5, fi(z) = (x Aa*) Vas, folz) = (x Ab*) V by,
f3(x) = (zAc)Vey. By 4.3 wehave A, ;. m(a;, by, cx) = (axAb)V(axAci)V(biAcy)
and symetrically \/; ; , m(as, by, cx) = (a* V) A (a™ V e*) A (b" V ¢*). We have
F) = mfi (), Fo(, f)) = (Fr(2)V Fole)) A G () V f3(@)) A (fal) V fis(a) =
(A (@* V)V (axs VO))A((2A(a* V) V(as Ve ) A (2 AD*V )V (b Vey)) =
(VN jrmlaisbj ce)) AV, pmlai b er). By 4.2, @ € f(M) if and only if
z = f(z) if and only if A, ;; m(a;, bj,cx) <z <V, 5, m(as, by, ).

II. Suppose that fi(x) = (xAa*)Vas, fa(x) = (£ AD*) Vb, f3(x) = 2. We claim
that f(M) = Conv{ay,...,an,b1,...,bn}. We compute
F() = @V @) A @V (@) A (2 V@) = (2Van) A (2 V) A (@ A
a*)Va, V(A )Vb) = (xzV (e Ab))A((xA(a* VD)) Vae Vb)) = (xV (ax A
b)) A (xVax Vb)) A(a* V") = (xV (ax Aby)) A (a* VD*). Now it is clear that
xz € f(M) if and only if = f(x) if and only if a, A b, <z < a* VvV b* if and only if
xz € Conv{ay,...,an,b1,..., b} O

A Cebysev set C' C M is called proper if C' # M. A median algebra M is called
1-affine complete if every unary compatible function is a polynomial.

4.5. Theorem. A median algebra M is 1-affine complete iff

(i) it does not contain a nontrivial Boolean segment;
(ii) every proper Cebysev set is finitely bounded.

Proof. If M contains a nontrivial Boolean segment C' then M is not even locally
affine complete by 1.2. In fact, the proof in [1] exhibits a unary compatible function
that is not a local polynomial (namely the function, which maps x € M into the
complement of z¢ in C). If a proper Cebysev set C' C M is not finitely bounded
then z — x¢ determines a compatible function that cannot be a polynomial in
view of 4.4.

Conversely, let (i) and (ii) be satisfied. Let f : M —— M be a compatible
function. If f(M) = M then by 4.2(ili) f(z) = zm = z, hence f is an identity
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mapping, which is a polynomial. If f(M) # M then f(M) is a proper Cebysev
set and, by our assumption, f(M) = Conv{a; ...,a,} for some ay,...a, € M. By
4.2(iii), 2.3 and 2.5, f is a polynomial. O

5. AFFINE COMPLETENESS - THE GENERAL CASE

Throughout this section we assume that f: M™ — M is an n-ary compatible
function of a median algebra M. Further, we suppose that M does not contain a
nontrivial Boolean segment or a proper Cebysev set which is not finitely bounded.
Hence, f is a local polynomial function.

Let § be the family of all sets I C {1,...,n} with the following property:
if y,x1,...,2, € M are such that z; = y for every i € I, then f(xy1,...,2,) = y.
Let us choose u € M arbitrarily. For any I C {1,...,n} we define a unary function
fi'+ M — M by

flu(w) = f(y17 R ay’ﬂ)’ where

[ azforiel;
vi= ufori ¢l

5.1. Lemma. If I ¢ § then fi(M) is a finitely bounded Cebysev set.

Proof. 1t is clear that f¥ is a compatible function and hence, by 4.2(ii), fF(M)
must be a Cebysev set.

Since I ¢ §F, there are y,z1,...,2, € M such that z; = y for i € I and
f(x1,...,2,) # y. That is why the unary compatible function g defined by

g(x) = f(y1,...,yn), where

[ axzforiel;
vi= x; for i ¢ I.

is not an identity function (¢(y) # y), which by 4.2 means that g(M) is a proper
Cebysev set. By our assumption, there are ay,...,ax € M such that g(M) =
Conv{as,...,ax}.

By way of contradiction, assume that f}(M) is not finitely bounded. This is only
possible if f} is an identity function and M itself is not finitely bounded. Therefore,
we can choose x € M \ Conv({ay,...,ar} U{u}U{z;|i ¢ I}). By 1.1 there is a
prime convex set P with x ¢ P, {a1,...,axy C P, uw € P, {z;|i ¢ I} C P.
Let 6 be the corresponding split congruence. Then (x;,u) € 6 whenever i ¢ I.
The compatibility of f implies that (g(z), f¥*(z)) € 6, which is impossible since
g(x) € Conv{ay,...,ap} C A while f}'(z) = ¢ A. O

Considering 5.1 with all possible I ¢ § we obtain the following assertion.

5.2. Lemma. There are c1,...,¢n € M such that f}'(z) € Conv{ci,...,cn} for
everyx € M, I C{l,...,n}, I ¢ 5.

5.3. Lemma. If the median algebra M has at least two elements, then I N J # ()
for every I,J € §.

Proof. Suppose that I,J € §, INJ = (. Choose a,b € M, a # b. Let (y1,...,Yyn) €
M™ be such that y; = a for i € I and y; = b for i € J. By the definition of § then
flyi,.. . yn) =a and f(y1,...,yn) = b, a contradiction. O
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5.4. Lemma. Let I C{1,...,n}, y,x1,...,2p € M. Let y1,...,yn € M be such
that y; = y for every i € I and y; = x; for every i ¢ I. Then f(x1,...,2,) €
Conv({f (s, .- ya)} U {1 i € T}).

Proof. For contradiction, suppose that f(z1,...,z,) ¢ Conv({f(y1,...,Yn)} U
{z;|?¢ € I}). Then there is a prime convex set P C M such that f(z1,...,2,) ¢ P,
f(y1,...,yn) € Pand {x;|i € I} C P. Let 6 be the corresponding split congruence.
By 2.9, f(y1,---,9yn) = f(21,--.,2n), where

Yi ifigl,
Zi_{f(yl,...,yn) ifiel.
Clearly (z;,2;) € 0 for every i = 1,2,...,n, but (f(x1,...,2,), f(21,.-.,2n)) € 6,
a contradiction with the compatibility of f. [
Let us define a function g : M™ — M by

m

m
g(x1,. .. xn) = f(atl,...,xn)\//\cj /\\/cj,
j=1

j=1

where c¢; are the elements defined in 5.2. Since g is a composition of the compatible
function f and the unary polynomial p(z) = (z V AJL, ¢;) A VL, ¢j, g is also
compatible. By 3.4, g is a polynomial function.

5.5. Lemma. For every x1,...,x, € M, the following formula holds true:
(*) [y, an) = <g($17--~73«"n) vV /\%)) INVARYED]
Ieg el Ieg €l

Proof. If | M| = 1, the statement is trivial. Let us suppose that |[M| > 1. By 5.3, any
two sets from § have a nonempty intersection, which implies that \/ res Nierwi <
Arcz Vier i- Therefore the right side of (*) is symmetrical and it suffices to prove
one inequality.

First we prove that f(x1,...,2,) < \/,c;2; holds for every I € §. Choose
y € {w; | € I} arbitrarily. By 5.4 we have f(z1,...,2n) < f(y1,--,Yn) V Vier iy
where y; = a; fori ¢ I and y; = y for i € I. Since I € §, we have f(y1,...,Yyn) =

Y < Vier i, hence f(x1,...,2,) <V, i
It remains to show that

flay, ..o xn) <glxr,...,z0) V \/ /\xi.

Ieg i€l
By the definition of g it suffices to prove that
m
flxy,. ... x,) < \/ ¢V \/ /\xl
j=1 Iegiel
Using the distributivity we obtain that \/;cz A;jc; 7i = A jce Vies i, where

&={JC{l,...,n}|JJNT#0for every I € F}.
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Hence, we have to show that, for every J € &,

flay,... x,) < \/cj Vv \/xl
Jj=1 ieJ
For any such J we have {1,...,n} \ J = K ¢ §. By 5.2, fi(y) < V)., ¢; for
every y € M. According to 2.7 and 5.4 (with J and u playing the roles of I and
), f@r,mn) < Vi fog o) < Vs (Fg(er) V Vigre o) < Visie Vv
viGJ Z;. O
Using the denotation from 2.2, we have obtained that

f(xla s 7xn) = h&’(g(‘rla .. 7xn)71'13 cee 7xn)‘
Since both hz and g are polynomials, f is a polynomial too.
We have proved that if a median algebra M does not contain a nontrivial Boolean
segment and every proper Cebygev set is finitely bounded, then M is affine complete.
Together with 4.5 we obtain our main result.

5.6. Theorem. A median algebra M is affine complete if and only if the following
conditions are satisfied:

(i) M does not contain a proper boolean segment;
(ii) every proper Cebysev set of M is finitely bounded.

We conclude with some examples. Let L be any distributive lattice without the
least element and m its median operation. Then it is easy to see that the median
algebra (L,m) is not affine complete. Indeed, for any x € L the set C = {y €
L|y < x} is Cebysev (with yo = y A ) and not finitely bounded. If there is no
Boolean interval in L, we have an example of a median algebra, which is locally
affine complete but not affine complete.

On the other hand, it is not easy to find an affine complete median algebra,
which is not finitely bounded. (And for finitely bounded median algebras affine
completeness is equivalent to local affine completeness.) As an example of such
algebra we can mention the free median algebra with an infinite number of free
generators. It is clear that this algebra is not finitely bounded. However, the proof
of affine completeness is rather nontrivial and we omit it here.
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